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ABSTRACT

We begin with a brief discussion of Number Theory. Then, we move on to Group
Theory, where we cover examples of groups, homomorphisms, quotient groups,
isomorphism theorems, group actions, and Sylow’s theorems. We then move on to Ring
Theory, covering rings, fields, homomorphisms, domains, and polynomial rings. Finally,
we cover introductory Galois Theory, discussing algebraic extensions, separable
extensions, normal extensions, Galois extensions, and end by stating the Fundamental
Theorem of Galois Theory.
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§0 Preliminaries 2

§0. Preliminaries

§80.1. Notation
1. N ={0,1,2,...}is the set of non-negative integers
2. Nt ={1,2,3,...} is the set of positive integers
Z ={0,%£1,%2,.. .} is the set of integers
Q= {% lm,neZ,n# 0} is the set of rationals
R is the set of reals

C is the set of complex numbers

N o kW

Q*, Z*, R*, C* will denote the set of non-zero rationals, integers, reals and complex num-
bers respectively.

§80.2. Relations and Partitions

Definition 0.1. A relation on A is a subset R of A x A. If (a,b) € R, we say that a is related to b
by R and write aRb or a ~ b.

For example, ‘equality’ (=) is a relation on any set A. ‘Less than’ (<) is a relation on IR or any of its
subsets. Fix a positive integer n. Then, ‘congruence modulo n’ (=) is a relation on Z, defined by

a=b(modn) & n|a—b.

Definition 0.2. A relation ~ on A is said to be an equivalence relation if it is
1. reflexive,i.e,a~aforalla € A,
2. symmetric, i.e, a ~ bimpliesb ~aforalla,b € A, and

3. transitive,i.e,a ~band b ~ cimpliesa ~cforalla,b,c € A.

It is easy to show that < is transitive but not reflexive or symmetric. = is an equivalence relation
on any set whereas = (mod n) is an equivalence relation on Z.

Exercise 0.3.
1. Show that the relation ~on N x N = {(m,n) | m,n € N} defined by
(m,n)~(m,n) &= m4+n'=m'+n
is an equivalence relation.
2. Show that the relation ~on Z x Z* = {(m,n) | m,n € Z,n # 0} defined by
(mn)~(m,n) & m-n'=m'-n

is an equivalence relation.
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Remark 0.4 (Well-Ordering Property). Every non-empty subset of IN has a least element. That is,
if A CINand A # @ then 3m € N such that m < a forall a € A. WOP is also true for any subset
of Z which is bounded below. WOP also implies the principle of induction.

Definition 0.5. If ~ is an equivalence relation on A, then for any a € A, the set
[a.:={beA|b~a}

is called the equivalence class of a with respect to ~. Elements of the equivalence class of a are said
to be equivalent to a. If C is an equivalence class, then any element of C is called a representative
of class C. We will denote the equivalence class of a as [a] when the relation ~ is clear from context.

Example 0.6. Fix some n € IN; and consider the equivalence relation = (mod n). We have a total
of n equivalence classes, defined by

0] ={kn|keZ}
M={kn+1|keZ}

m—1={kn+n—-1|keZ}

These are called the residue classes (mod n). We sometimes also denote the residue classes as
0,1,...,n— 1. We denote the set of residue classes of n as Z,,, defined as

Z, = {6Tﬁ}

For @, b € Z,, we further define addition and multiplication as follows

d+b=a+banda-b=a-b.

One may verify that these operations are indeed well-defined.

Exercise 0.7. The following exercise builds on Exercise 0.3.

1. Show that the equivalence classes of the relation ~onIN x IN = {(m, n)|mmne IN} defined

by
(mn)~(m,n) & m+n'=m'+n

are in one-to-one correspondence with the set of integers. (We may define the set Z formally,
using IN, as equivalence classes of this relation).

2. Show that the equivalence classes of the relation ~on Z x Z* = {(m,n) lmneZn# O}
defined by
(mn)~(m,n) < m-n=m'-n
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are in one-to-one correspondence with the set of rationals. (We may define the set Q formally,
using Z, as equivalence classes of this relation).

Definition 0.8. A partition of A is a collection {A; | i € I} of non-empty subsets of A (I is some
indexing set) such that

1. A =Uier Ai
2. AiNA; = Dforalli,j € Iwithi#].

The ideas of an equivalence relation and partitions are closely related, as we show now.

Proposition 0.9. Let A be a non-empty set.

1. If ~ defines an equivalence relation on A then the set of equivalence classes of ~ form a
partition of A.

2. If {Ai|i€ 1} is a partition of A then there exists an equivalence relation ~ on A whose
equivalence classes are precisely the sets A;,i € I.

§§0.3. Number Theory

Definition 0.10. Given a,b € Z, we say that b divides a and write b | a if a = bc for some ¢ € Z.
In this case, a is said to be a multiple of b, or a is said to be divisible by b.

1. Divisibility is a relation on Z, which is reflexive and transitive but not symmetric. In fact,
albandb|a < b= =a. This followssince b | a = |b| <|a| (assuming a # 0).

2. Ifblajand b | aythenb | (a;j +az)and b | ka; forall k € Z. Thus, b | (kja; + kya;) for all
ki, ky € Z.

Proposition 0.11 (Division Algorithm). Given a,b € Z with b # 0, there exist unique q,r € Z
such thata =bq+rand 0 < r <|b|.

Proof. We first prove existence. Let a,b € Z with b # 0. Without loss of generality, we may
assume b > 0 (if b < 0, we do the following considering —b and replace q by —q). Consider

S:={a—bx|x € Z such that a —bx > 0}.

Then, S is a non-empty subset of IN (we may take x = —|al). Hence, by the Well-Ordering Prop-
erty, there exists a minimal element in S. Call this r. Sincer € S, r = a — bq for some q € Z and
r > 0. We now only have to show that r < b. Supposer > b, thenr—b =a—-b(q+1) > 0and
thus r — b € S. This contradicts the minimality of r. This proves the existence of q, r satisfying the
given properties.



§0 Preliminaries 5

Suppose there are q,1,q,7" € Z satisfying the given conditions. We have r —1" = b(q/ — q). If
T # 1/, we obtain |b| < ‘r —1/ ‘ which is a contradiction since 0 < r,1’ < b. Thus, we getr = /.
Since b # 0, we also get q = q’. Hence, q and r are unique. O

Corollary 0.12. Suppose H is a subset of Z that is non-empty and closed under inverses and
addition. Then, H = nZ for a unique n € IN where

nZ:={nm|me2Z}

H is called a subgroup of the additive group Z, as we shall see later.

Proof. Let H be a subset of Z satisfying the given conditions. If H = {0} then H = nZ withn = 0. If
H # {0}, then HNIN™ is non-empty. Suppose n is the least element in HNIN" (such an n exists by
the Well-Ordering Property). Then, nZ C H since H is closed under addition. Further, if m € H
then, by the Division Algorithm, there exist g, € Z such that m = nq +r with 0 < r < n. But
r=m-—ng € Hsincem € Handn € H. If r > 0 then r € HNIN" and the minimality of n is
contradicted. Hence, r = 0 and m = nq. Thus, H C nZ, giving us H = nZ. O

Definition 0.13. Given a,b € Z, not both zero, a greatest common divisor or gcd of a and b is a
positive integer d such that

1. disa common divisor of aand b,i.e,d | aand d | b, and
2. if e is a common divisor of a and b,i.e,e|aand e | b, then e | d.

In the case a = b = 0, we define the gcd of a and b to be 0. We usually denote the gcd of a and b
as ged(a, b).

We leave it as an exercise to the reader to come up with a similar definition for the least common
multiple (lcm). We denote the lem of a and b as Iem(a, b).

Proposition 0.14 (Bézout’s Lemma). Given any a,b € Z, the gcd of a and b exists and is unique.
Moreover, it can be expressed as a combination ma + nb for some m,n € Z.

Proof. For a =b = 0, the proof is trivial. We hence assume that at least one of a and b is non-zero.
Consider
H={ma+nb|m,n e Z}.

H is a non-empty subset of Z that is closed under inverses and addition. Hence, by Corollary 0.12,
there exists a unique d € IN™ such that H = dZ. We leave it as an exercise to show that d is indeed
the ged. O

Proposition 0.15.
Leta,b,c € Z.If a| bc and ged(a,b) =1 (a and b are coprime), then a | c.
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Proof. Bézout’s Lemma tells us that ma +nb = 1 for some m,n € Z. Multiplying throughout by
c, we get
mac +nbec =c.

Since a | ac and a | bc, we must have a | c. O

Definition 0.16 (Prime Number). An integer p is said to be a prime number if it is greater than 1
and the only positive integers that divide p are 1T and p.

Corollary 0.17 (Euclid’s Lemma). If p is a prime number, and p | bc for some b,c € Z, thenp | b
orp|c.

Proof. Suppose p is prime and p | bc for some Z. If p | b, we are done. If p 1 b, then ged(p,b) = 1.
By Proposition 0.15, p | c. O

Proposition 0.18. There are infinitely many primes.

Euclid’s Proof. 1f there were only finitely many primes py, ..., px, then consider n = p;---px + 1.
If p is a prime that divides n then p # p; foralli € {1,...,k} (sincen = 1 (mod p;) for all i), which
is a contradiction since pj, ..., px are assumed to be the only primes. O

Proposition 0.19. If b € Z and p is a prime number such that p { b, then there exists b’ € Z such
that bb’ = 1 (mod p). Moreover, b’ can be chosen such that 1 < b’ < p and b’ is unique.

Proof. Since ged (b, p) =1, we have pu+bv = 1 for some u,v € Z (Bézout’s Lemma). Thus, b’ =v
satisfies bb’ = 1 (mod p). The uniqueness of b’ satisfying bb’ = 1 (mod p) and 1 < b’ < p follows
by replacing any v € Z satisfying bv = 1 (mod p) by the unique element b’ in the residue class of
v (mod p) such that 0 < b’ < p. Moreover, b’ =0 = 0 = 1 (mod p) which is a contradiction.
Hence, 1 < b’ < p. O

Theorem 0.20 (Fundamental Theorem of Arithmetic). Every positive integer n can be written as a
product of primes. That is,

n="pi-- Pk
for some primes pj, ..., pk (not necessarily distinct). Moreover, this factorisation is unique up to
rearrangement of terms. That is, if

n=dqi---q
where q, ..., q are primes then k = land q; = py(;) foralli € {1,..., k} for some permutation o
of {1,...,k}
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Proof. We first prove the existence by induction. If n = 1, the hypothesis holds with k = 0 since
the empty product is 1, by convention. Suppose n > 1 and the hypothesis holds for all positive
integers strictly less than n. If n is prime, the hypothesis clearly holds with k = 1. If n is not prime,
then n = nyn, for some ny,n; € INT with n; < nand n, < n. By the induction hypothesis, both
n; and n; are finite products of primes and hence, so is n. Thus, existence is proved by induction.

Next, we prove uniqueness. Suppose n € IN* is written as

n=pi-pr

and also
n=dq---q
where p1,...,px, q1,...,q; are primes. We can induct on k. If k = 0, thenn = 1 and hence 1 = 0.

Hence, k = 1 and p;’s are a permutation of q;’s (vacuously). Suppose that k > 1 and the result
holds for k — 1. Then,

prin=qi---qu.

Hence, by an obvious extension of Euclid’s Lemma, p1 | q; for some j since g; is a prime and
p1 > 1, we must have p; = g;. Thus,

P2 Pk =41 4j—1 - qj+1 - qu.

By induction hypothesis, k —1 = 1—1, giving us k = 1, and p»,...,px are a permutation of
di,---,9j-1,95+1,--. qi1. Since we showed p; = q;j, it follows that ps, ..., py is a permutation of
q1,...,qt. Thus, uniqueness is also proved by induction. O

Following is another version of the above theorem.

Theorem 0.21 (Fundamental Theorem of Arithmetic - Version 2). Every non-zero integer n can be
written as

n:e.p‘]a] pﬁh

where € € {1,—1}, p1,...,pn are distinct primes and ey, ..., ey are positive integers and h > 0.
Moreover, p; and e; are uniquely determined by n.

This allows us to associate with every prime an ‘exponent’ or ‘valuation” on the set of non-zero
integers. Let p be a prime. We define v,,: Z* — IN as follows

(n) e; if p =pjforsome 1 <1i < hin the prime decomposition of n,
V. =
P 0 otherwise.

With this notation, we can write

n=~c€- Hpvp(n)
P

where the product is over all primes. This product is well defined since v,(n) = 0 for all but
finitely many primes.
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Proposition 0.22. If m,n € Z*, then

gcd(m, Tl) — H .pmin{\/p(m),vp (n)}
P

lem(m, n) HpmaX{VP ()}

Corollary 0.23. If m,n € Z* then |m - n| = gcd(m, n) - lem(m, n).

We can extend the function v}, to non-zero rationals (Q*) by defining

Vp <::> =vp(m) —vp(n) form,n € Z*

We leave it as an exercise to show that the above is indeed well-defined. This allows us to write
every non-zero rational number as a product of primes. Suppose r € Q*, then we have

r=c¢- HPVD(T)
P

where € € {1,—1} and the product is over all primes. This product is well-defined since v, () = 0
for all but finitely many primes.

Note: By convention, we often define v, (0) = oco. With this, the following is true.

Proposition 0.24. Let v,,: Q — Z U{co} as defined above for some prime p. Then,
1. v, is surjective,
2. vp(r) =00 &= 1=0,
3. vp(rs) = vp(r) +vp(s) forallr,s € Q, and
4. vp(r+s) > min{vy(r), vp(s)} forallr,s € Q.

Proof. Left as an exercise. 0
Remark 0.25. The function v,: Q — Z U{oco} is called the p-adic valuation of Q. One can use it to

define a norm and a metric on Q, as follows:

x|, =2 forall x € Q.

with the convention 2= := 0. One can see that
L |x[, > 0and|x|, =0 < x=0.
2. xyl, =Ix[, lyl,-
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3. eyl < max {|x|, ul, } < [xl, + My,
Thus, |- |p : Q — R defines a norm on Q. Further, dy: Q x Q — R defined by
dp(x,y) ::|x—y|p forx,y € Q

defines a metric on Q. Once can consider the completion of Q with respect to d;, and this gives
rise to a set denoted by Q, called the field of p-adic numbers.! We will not spend much time on
p-adic numbers in this document.

Definition 0.26. Given n € INT, we define @(n) to be the number of integers a € INT with
1 <a <nandgcd(a,n)=1. ¢ is called Euler’s totient function.

We can obtain an explicit formula for ¢(n) using a very basic counting principle - called the
inclusion-exclusion principle.

Theorem 0.27 (Principle of Inclusion and Exclusion). If Ay, ..., A, are finite sets, then

ATU--UA =D A=) JANA[+ ) JAINANA =+ (=D A N NA,.
i i< i<k
Proof. The proof is trivial using induction on r. O

For n € N*, suppose pj, ..., pr be the distinct primes that divide n. We have
n—e(n) :‘{a €N'|1<a<nand gcd(a,n) # 1}‘

T
U APi
i=1

where forany m € N* withm [n, A, := {a € N* |1 < a <nand m|a}. Observe that|A,| =
n/m. By the Principle of Inclusion and Exclusion,

n—om) =Y |An=3 |AnNA,

_...+(_])Y*]‘Ap]m...ﬁApr

+ Y AN AN A,

i i<j<k
r—1
:Z}Api *Z’Apipj + Z AptPjpk — (1) ‘Am'"Pr
i i<j i<j<k
Y R Y oy
TP PP 55 PiPiPR PP

IWithin the p-adic numbers, we also have the p-adic integers, denoted by Z,,. Note this is not the set of residue
classes modulo p. Since we will not deal with p-adic integers in this document, we continue to use the notation Z, for
the set of residue classes modulo n. Another common notation for the same is Z/nZ.
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-2 o (T

Won-Y Rey

< PiP;j i<k P1P]Pk P1-Pr
1
=n|1- Z Z - ce (1)
Pi < PiP;j i<k Plp;pk P1-Pr

We can express the above term as a product of r factors. This gives us the famous Euler’s Product

Formula:
=0 5)

pin

Corollary 0.28 (Multiplicativity of @). For m,n € N, o(mn) = ¢(m) - ¢(n) iff gcd(m,n) = 1.

Ifn = pf‘ .. -pﬁh where py, ..., px are distinct primes and ey, ..., e, € INT, one may reduce the
product formula to the following

Hpel—1

In particular, this allows us to deduce that ¢(n) is even for alln > 2.

Exercise 0.29. For n,d € N, show that

Y eld) =

dn

Definition 0.30. Let n € IN*t. A set {aj,...,ax} of integers is called a reduced system of
residues (mod n) if the following hold:

1. ged(ay,n) =1forallie{l,...,k},
2. a; # aj (modn) foralli,j €{1,...,k},i #j,and
3. aeZ,gcd(a,n) =1 = a = a; (modn) forsomeie{l,..., k}

For example, {1, 3,5, 7} is a reduced system of residues (mod 8).

Proposition 0.31. Letn € IN*. Then,
1. {aeZ|1 <a<nand ged(a,n) = 1}is a reduced system of residues (mod n).
2. Any reduced system of residues (mod n) has cardinality ¢(n).

3. If {ay,..., ax} is a reduced system of residues (mod n) and a € Z such that gcd(a,n) =1,
then {aay, ..., aay} is also a reduced system of residues (mod n).
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Theorem 0.32 (Euler’s Theorem). Letn € NT and a € Z. If gcd(a, n) = 1, then a®™ =1 (modn).

Proof. Let{a,..., ax} be a reduced system of residues (mod n). Then, we proved that k = ¢(n)
and {aay, ..., aay} is also a reduced system of residues (mod n). With a little bit of effort, we can
show that

k K K k
H aaq; = H a; (modn) = a®™. H ai = H a; (mod n)
i=1 i=1 i=1 i=1
- a®™ =1 (modn) O

Corollary 0.33 (Fermat’s Little Theorem). If p is a prime and a € Z, then aP = a (mod p).

Theorem 0.34 (Wilson’s Theorem). Letn € N with n > 1. nis prime iff (n — 1)! = —1 (mod n).

Proof. 1f p = 2 or 3, the result clearly holds. Suppose p is a prime greater than 3. For any a € Z,
there is a unique @’ € Zwith1 < a’ <p—1and aa’ =1 (mod p) (Proposition 0.19). We see that

a=d < a?=1(modp) & plla—1)(a+1) & a=0ora=p—1

Hence the p — 3 numbers 2,...,p — 2 can be paired as (a,a’) where 2 < a,d’ < p—2, ad’ =
1 (mod p). Moreover, a # a’ in any of these pairs. This tellsus that2-3... - (p—2) =1 (mod p).
This gives us

(p—M!I=(p—1) (modp) = (p—1)!=-1(modp)

We leave the converse as an exercise. O

Theorem 0.35 (Chinese Remainder Theorem). If ny, ..., ny are pairwise coprime positive integers,
that is, ny,...,nx € N™ and ged(ny,ny) = 1foralli,j € {1,...,k},i #j,and if cy,...,cy are any
integers, then the congruences

x =¢; (modn;) forie{l,...,k}

have a solution, which is unique (mod ny - - - ny).

Proof. Let n be the product ny - - -ny and let my = n/n; fori € {1,...,k}. Since ny’s are pairwise
coprime, we get gcd(mi, ni) = 1 foralli € {1,...,k} Then, the congruence

mix = ¢; (mod n;)

has a solution, say x;, for each i. Consider x = myx; + ---+mxx. Forany i € {1,...,k}, we
see that n; | m; for all j # i. Hence, x as chosen above satisfies all the congruences. This proves
existence. We leave the proof of uniqueness (mod n) as an exercise. O
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§1. Group Theory

§81.1. Introduction

Definition 1.1. Suppose G is a nonempty set. A binary operation on G (or a law of composition)
is a function *: G x G — G. Forany a,b € G we denote *(a, b) as a * b or simply ab.

Example 1.2. Addition, subtraction and multiplication are binary operations on R. Addition and
subtraction are binary operations on R™*", the set of m X n real matrices. We denote the set
of n x n real, invertible matrices by GL,(R) (this is called the general linear group, as shall be
discussed later). Multiplication is a binary operation on GL,(IR). Note however that addition
is not a binary operation on GL,(IR) since the sum of two invertible matrices may be singular.
GL;(R) is denoted as R*, the set of non-zero real numbers. Let S be any non-empty set and let
M denote the set of all functions from S to S. Then, function composition is a binary operation on

M.

Definition 1.3. A binary operation * on a set G is said to be associative if (a * b) x ¢ = a* (b * c)
forall a,b,c € G.

Definition 1.4. A binary operation * on a set G is said to be commutative if a x b = b * a for all
a,b e G.

Proposition 1.5 (Generalised Associative Law). Let G be a set and let * be an associative binary
operation on G. For any g1, ..., gn € G, the product g * - - - * g, is independent of how we bracket
it.

Proof. This is left as an exercise. The idea is to use induction on n. First show the basis. Then,
assume that for any k < n, any bracketing of of k elements b; * - - - * by can be reduced to by *
(ba*(---by))---). Next, argue that aj * - - - * a,, can be reduced to (aj * - - - * ay) * (A1 * - - - * Ap)
for some k < n. Apply the induction condition on each subproduct to complete the proof. O

Definition 1.6. A group is an ordered pair (G, *) where G is a set and * is a binary operation on G
such that

1. (axb)xc=ax(bxc)forall a,b,c € G, thatis, * is associative,
2. there exists an element e € G, called an identity of G, such that axe = e*x a = a for all

a€ G, and

3. for each a € G, there is an element a~! € G, called an inverse of a, such that a* a~' =

a*]*a:e.

We say that G is a group under * if (G, *) is a group. If * is clear from context, we may simply say
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that G is a group. We further say that G is a finite group if G is a finite set. Note that any group is
nonempty by virtue of the existence of an identity element.

Definition 1.7. We say that a group (G, ) is abelianif axb=bxaforall a,b € G.
Definition 1.8. Let G be a group. We define the order of G as the cardinality of G, denoted by |G|.

Example 1.9.

1. Z,C,Q and R are all groups under the addition operation with e = 0 and a™' = —a, for
all a. Q%, R*, C*, Qf, R* are all groups under the multiplication operation with e = 1
and a”' = 1/aq, for all a. Note however that Z* is not a group under the multiplication
operation since the element 2 (for instance) does not have an multiplicative inverse in Z*.
We shall take the associative laws of these sets under addition and multiplication as given.

2. Rotation matrices in 2-dimensions with multiplication also form a group. This is called the
SO2(R) group. This is the set of special orthogonal matrices - the set of 2 x 2 orthogonal
matrices with determinant 1. On the other hand, the set of 2 x 2 orthogonal matrices forms
another group, called the orthogonal group, O>(RR).

3. Consider the group of non-zero complex numbers, C* under multiplication (GL;(C)). This
also forms a group under multiplication. For any n € IN*, consider the n root of unity,

defined as

27 .21
Wn = COS — + LSINn —
n n

The set containing all powers of w, forms a finite group of order n under complex multi-
plication, whose elements are precisely the n roots of the polynomial z" = 1. This group is
called the cyclic group generated by wy,, and is denoted as ;.

4. Forn € NT, Z, is an abelian group of order n under the addition operation with e = 0
and the inverse of a defined as —a. We denote this group as Z,,. Notice that Z,, behaves
similar to the cyclic group generated by w;, and can be thought of as being generated by the
equivalence class 1.

However, Z,, does not form a group under multiplication. This is because not all numbers
have a multiplicative inverse modulo n. From number theory, we know that a number a has
a multiplicative inverse modulo n if and only if (a,n) = 1. The set of equivalence classes a
which have a multiplicative inverse modulo n form an abelian group under multiplication.
We denote this group as Z;;. The order of this group is equal to the number of integers be-
tween 1 and n which are co-prime with n. This is given precisely by Euler’s totient function,
@. Thus, Z; forms an abelian group of order ¢ (n) under multiplication. We sometimes also
denote this group as U,,.

Theorem 1.10. Let G be a group under operation *. Then
1. The identity of G is unique
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2. Foreach g € G, g_] is unique
3. Foreachg € G,(g7") =g
4. Fora,be G, (axb)'=b""xa"!

Proof.
1. Let f and g be two identities of G. We have f x g = fand fx g = g. Thus f = g.

2. Let a,b € G be two inverses of some g € G and let e be the identity of G. We show that
b=a.

b = b x e (definition of e)
= b * (g * a) (since a is an inverse of g)
= (b * g) * a (associativity)
= e a (since b is an inverse of g)
= a (definition of e)

1

3. We have gf1 *xg=gxg = e, implying that (9*1 )*1 =g.

4. Using the generalised associative law (Proposition 1.5) on (a * b) * (b~ x a™') and (b~ *
a N *(axb) gives the required result.

O
Notation: For any group (G, *), we denote a * b as ab. For some group G, g € Gand n € Z™,

we write x - - - x (n times) as x™. For n < 0,n € Z, we define x™ := (x')™, which is the same as
(x™™)~! (Prove!) We usually denote the identity element of any group as 1 and we define x° := 1.

Definition 1.11. Let G be a group and let x € G. Let n be the smallest positive integer such that
x™ = 1. n is called the order of x and is denoted by |x|. If no such positive power exists, we say
that x is of infinite order.

Proposition 1.12. Any element of a finite group has finite order.

Proof. Let G be a group and let x € G. It suffices to show that x™ = 1 for some n € IN. Note that

x°,...,X6l are|G| 4 1 elements of G. Since the cardinality of G is|G|, we may conclude that two of

these must be equal (pigeonhole principle). Thus,

for some 0 < n < m <|G|. This gives us

Since m —n € N, the claim follows. O
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§§1.2. Dihedral Groups

We now look at importance class of groups whose elements are symmetries of geometric objects.
The simplest objects to consider are regular n-gons. For each n € Z*, n > 3, we let D, be the
set of symmetries of a regular n-gon. A symmetry is any rigid motion of the n-gon such that after
this motion, the n-gon exactly covers the original n-gon. This can be thought of as first labelling n
verticesas 1,2, ...,n and then describing a symmetry uniquely by the corresponding permutation
oof{1,2,...,m}

We make Dy, a group by defining st for s, t € D, to be the symmetry obtained by first applying
t then s. That is, if s and t have the permutations o and T respectively on the vertices then st has
the permutation o o .

We now show that|D;,,| = 2n. Observe that vertex 1 can be mapped to any one of the n vertices.
Let’s say that it is mapped to vertex i. Now, since vertex 2 is adjacent to vertex 1, it must be
mapped to either i+ 1 or i — 1. The position of vertex 2 fixes the entire permutation. Thus, we
have 2n possible permutations, and so|D,y| = 2n. We call Dy, the dihedral group of order 2n.

These 2n symmetries are n rotations by 27ti/n radians about the center fori =1,2,...,n and the
n reflections about the n lines of symmetry.

Let r be the clockwise rotation of the n-gon by 27t/n radians and let s be the reflection symmetry
that reflects the n-gon about the axis passing through vertex 1 and the center. The following
properties follow (proof is omitted):

1. 1,7v,v%,...,m™ " are all distinct and ™ = 1. Thus,|r| =n
2. |s| =2

3. s # 1t forany i

4

.stt£sriforall0 <1i,j <n—1,1#]j. Thus, we have

Dy, = {1,r,r2,...,rnq,s,sr,srz,...sr“*]}.

5. vs = st~ ! (Since r and s do not commute, D, is non-abelian) >
6. Tis = st

We conclude that all elements of D3, can be expressed uniquely as s*r' where k is 0 or 1 and
0 < i < n—1. Moreover, identities (1), (2) and (6) will easily allow us to obtain this unique
representation. Consider n = 12. For example, we have

9

(s77)(s1%) = s(r7s)r®

=s(stT ) =sr3=r3=r

Finally, another common way of writing the dihedral group, is as a presentation® as follows

Doy = <r,s|r“:s2 :1;rs:sr_1>.

2Note that to claim D3, to be non-abelian, we need r # r—'. This is true for n > 3.

3 A presentation is another form of defining a group G. We have a set of generators, S, such that every element of G
can be written as a product of these generating elements. We also have a set of relations, R, among these generators.
The group is then presented as (S | R).
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§81.3. Quaternion and Heisenberg Groups
The quaternion group is a group of order 8, defined as follows
Qs ={£1,47, 4, £K}

where each element is a 2 x 2 complex matrix of determinant 1. Hence, this group lies within
GL,(C). The matrices are defined as follows

NSRS RS RS

In Qg, we have the following relations

P =9 =Kk =1
P=k=-t
k=1=—1g
kKt=9=-k
K = —1

The Heisenberg group is a group of 3 x 3 upper-triangular matrices, defined as follows

H(R) = |a,b,c e R

o o =
S —= 0
— 0 o

H(R) forms an infinite non-abelian group under matrix multiplication, where each element has
determinant 1.

§§1.4. Symmetric Groups

Let Q) be any non-empty set and Sq be the set of all bijections from Q) to Q) (or permutations of Q).
The set S is a group under function composition, o, since function composition is associative, the
identity is the identity map on Q and every bijection has an inverse bijection. In the case where
Q ={1,...,n}, we denote S as Sn. Sy is called the symmetric group of order n. It is easy to show
that |S,| = n!. We now illustrate a convenient notation to write elements of S, called the cycle
decomposition. A cycle is a string of integers that cyclically permutes the integers of this string,
leaving all other integers fixed. For example, (a; a; ... ay) sends a; to az, a; to a3, ..., ax_1 to ax
and ay to aj. In general, any element o of S,, can be rearranged and written as k (disjoint) cycles
as

o=(ar ... am)(Qmy+1 +++ Qmy) oo (Qmp ;41 -+ - Qmy )

To find where an element i is sent to by a permutation, we simply need to find the element written
after 1 in the cycle decomposition. Any permutation o can be easily written as its cycle decompo-
sition using the following algorithm.

1. To start a new cycle, pick the smallest number in {1, ..., n} that has not appeared in a previ-
ous cycle. Call it a. Begin the new cycle (a
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2. Let o(a) =b. If b = q, close the cycle and return to step 1. If b # a, write b next to a so that
the cycle becomes (ab

3. Let o(b) = c. If ¢ = a, close the cycle and return to step 1. If ¢ # a, write ¢ next to b and
repeat this step with c as b until the cycle closes.

The length of a cycle is the number of integers appearing in the cycle. A cycle of length lis called an
l-cycle. (Notice that an l-cycle has order 1) By convention, we omit 1-cycles. Thus, if some element
i does not in a cycle decomposition of a permutation, it is understood that the permutation fixes
i. The identity permutation is written as 1. The final step in the algorithm is thus to remove all
1-cycles. Note that

(13)(12) =(123)and (12) (13) =(132)

This shows that S,, is non-abelian for all n > 3. Note that since disjoint cycles permute elements
in disjoint sets, disjoint cycles commute. Thus, rearranging the cycles in any product of disjoint
cycles does not change the permutation.

Remark 1.13. We define an equivalence relation on Q (any general non-empty set), with a ~ b if
b = 0*(a) for some k. Here o* denotes the permutation o composed k times. It is easy to verify
that this is an equivalence relation. Each disjoint cycle in the cycle decomposition of o represents
an equivalence class of ~. (Verify!)

Note that every symmetry transformation of an equilateral triangle can be associated with a
unique permutation of the vertices. Likewise, every permutation of the vertices of an equilat-
eral triangle can be associated with (the same) symmetry transformation. We see that Dg and S3
are essentially the same group. This will be made more precise when we discuss isomorphisms.

§§1.5. Conjugacy

Recall from linear algebra that an n X n real symmetric matrix, A can be diagonalised. That is,
if A7,..., Ay are the eigenvalues of A, then A ~ A, where A is a diagonal matrix containing the
eigenvalues. That is, CAC!' = A for an orthogonal matrix, C, whose column vectors are the
corresponding eigenvectors of A. This very idea can be made more abstract and applied to groups,
in general.

Definition 1.14. Let G be a group and g, h € G. We say that g is a conjugate of h if there exists an
x € G such that h = xgx~'.

Proposition 1.15. Conjugacy is an equivalence relation on the group G

Proof. We prove reflexivity, symmetry and transitivity.
1. For reflexivity, we may take x to be identity to give us that h ~ h forall h € G.

2. Suppose h ~ g. Then, h = xgx~' for some x € G. Left-multiplying by x~' and right-
multiplying by x, we get g = x Thx = x Th(x™")~". Since, x™! € G, we have that g ~ h,
proving symmetry.
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3. Suppose h ~ g and | ~ h. Then, there exist x,y € G such that h = xgx~' and | = yhy .

Substituting h, we see that 1 = (yx)g(x 'y~') = (yx)g(yx)~'. Since yx € G, we have that
L ~ g, proving transitivity.

O

The equivalence classes of the conjugacy relation are called conjugacy classes. Thus, all of G is a
disjoint union of conjugacy classes. We see that for any group G, the identity element is the only
element in its conjugacy class. If G is abelian, then gag*1 = aforall a,g € G. Thus, each element
in an abelian group is part of a unique conjugacy class. We shall typically denote the conjugacy
class of g € G as C(g).

Proposition 1.16. Let G be a group and let g, h € G belong to the same conjugacy class, i.e, g ~ h.
Then, [g| =/h|

Proof. Since g ~ h, we know that g = xhx™! for some x € G. Now
g" = (xhx )™ = xh"x!
Thus, g" =1 & h"*=1. O]

We want to understand what are the conjugacy classes in S,,. We will first begin by analysing the
conjugacy classes of S3. Using our familiar cycle decomposition notation, we may define S3 as
follows

S3=1{1,(12),(13),(23),(123),(132)}.

The conjugacy class of a 2-cycle cannot contain any 3-cycle or the identity element (since they have
different orders). With a little bit of work, we can show that the number of conjugacy classes are
precisely 3 - the identity, the 2-cycles and the 3-cycles. Let us relate these numbers with partitions
of natural numbers. We first define what are partitions.

Definition 1.17. Let n € INT. A partition of n is a tuple A = (Ay,...,A) of positive integers
A >...>AsuchthatA\; +---+ A =n.

The number of partitions of 3 is equal to 3 and these are given by (1,1,1), (2,1) and (3). This
number is exactly equal to the number of conjugacy classes of S3. For a general symmetric group,
Sn, the number of conjugacy classes is given precisely by the number of partitions of n.

Suppose T = (i, ..., k) is a k-cycle. Suppose o € S,,. We want to show that
oto ! = (o(i1),..., o).
We have

oto ' (o(i1)) = ot(o o) (i1)
= ot(iy)

= o(ip)
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Similarly, we show that the two permutations have the same effect on all k elements, o(i;), ..., o(ix).
Now, suppose x & {o(i1),...,0(ik)} &= o~ (x) # i for any s =1,...,k. We have
oto~ ' (x) = 00 ' (x) (since o (x) is a fixed point of )

=X

Hence, the conjugate of a k-cycle is also a k-cycle. We may now explicitly construct a permutation
o to show that both 3-cycles are conjugates. Similarly, we may show that all 2-cycles form a
conjugacy class.

Now, we look at conjugates of any permutation in S,,. Suppose o € S,, and 0 = 17 - - - Tx where

T1,..., Tk are disjoint cycles of length at least 2. Let y € S,,. We have

yoy ' =vy(t - m)y

=(yuy ) (ymy )

Here yTiy~' is a conjugate of 7;. Hence, the cycle structure of the conjugate of the permutation
remains the same as the original permutation. Moreover, the conjugates of disjoint cycles are also
disjoint.

For example, consider S5 and the permutation

T=(1)(2)(345)

This corresponds to the partition (3, 1,1) of 5. Moreover, given any o € Ss, the conjugate of T will
be
(6(1)(0(2)) (o(3) o(4) o(5))

Thus, the conjugacy class of T is precisely the set

{(c(M)(0(2)) (c(3) o(4) 0(5)) | 0 € S5}

Thus, corresponding to every partition of 5, we have a unique conjugacy class of S5. In general,
corresponding to every partition of n, we have a unique conjugacy class of S;,. Thus, the number
of conjugacy classes in Sy, is p(n), the number of partitions of n.

§8§1.6. Odd and Even Permutations
Proposition 1.18. Every permutation can be written as a product of transpositions (2-cycles)

Proof. We first express a k-cycle as a product of 2-cycles. Consider the k-cycle (a; ... ay). Verify
that we have

(a1 ... ax) = (a1 ax)(ay ag) ... (a1 a3) (a7 az)
We have thus shown that every k-cycle is a product of transpositions. We also know that any
permutation can be written as a product of disjoint cycles. Hence, the claim follows. O

Definition 1.19. A permutation o € S, is called even (odd) if o is a product of an even (odd)
number of transpositions
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We must prove that this is indeed a well-defined notion (that is, every permutation must either be
an even permutation or an odd permutation). Consider the Vandermonde polynomial, defined as

P(x1,...,Xn) = H (xi — %)

1<j<i<n

Consider a permutation o € S,. We define

oPi= [T (ot =)

1<j<i<n
If o is a transposition, then oP = —P. Thus, if 0 is an even permutation, we see that oP = P
whereas if o is an odd permutation, we have 0P = —P. Thus, o must either be even or odd, as

determined by its effect on P. Using this idea, we also trivially see that the product of two even
permutations is even, the product of two odd permutations is even and the product of an even
permutation and an odd permutation is odd. Moreover, the inverse of an even permutation is also
an even permutation. The identity permutation is also an even permutation. We thus see that the
set of even permutations forms a group by itself! We call this group A, the alternating group of
degree .

Proposition 1.20. The order of A, isn!/2.*

Proof. To show this, we set up a bijection between the set of even permutations and the set of
odd permutations. Let Z = S, \ A,,. We define a map ¢: A, — Z, defined by ¢(c) = (12) 0.
This is a one-to-one map from A, to Z. This is also an onto map since given any T € Z, we have
¢ ((12) 1) = 1. Thus, ¢ is a bijection and hence|A| =|Z|. But we know that|S,,| = n! =|A,| +|Z|
(since A, and Z are disjoint). This gives us that|A,| =n!/2. O

Remark 1.21. The group As is fundamental in proving that there exists a quintic polynomial which
is not solvable by radicals.

§§1.7. Subgroups and Cyclic Groups

Definition 1.22. Let G be a group. A subset H of G is a subgroup of G if H is non-empty and
closed under products and inverses. That is, x,y € H implies that x ' € Hand xy € H. IfHisa
subgroup of G, we write H < G.

Example 1.23.
1. Ajzis a subgroup of Ss.

2. SLy(R), the group of n x n real matrices with determinant 1, is a subgroup of GL,,(R) (under
matrix multiplication).

4This assumes n > 1. For n = 1, the group Sy, is the trivial group, and so is A,. For this case, we have|An | =[Sy | =
1.
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3. On(R) is a subgroup of GL, (R) while SO, (IR) is a subgroup of O, (RR).

4. The set of complex numbers of unity magnitude, denoted as S', forms a group under mul-
tiplication and is in fact a subgroup of C*. The cyclic group generated by w,, which we
denote as Ly, is a (finite) subgroup of S'.

Theorem 1.24 (Subgroup Criterion). A subset H of a group G is a subgroup of G if and only if
1. H#Q@.
2. forallx,y € H,xy~' € H.

Proof. We only prove the converse. Let x be any element of H (such an element exists since H # ©).
Wehavexx' € H = 1 € H. For any h € H, we have Th-' € H = h' € H. Thus, H is closed
under inverses. For any x,y € H, we know that yfl € H, and thus, )c(13*1)*1 €eH = xy € H.
Hence, H is also closed under multiplication. O

Let G be any group and g € G. We define the subgroup generated by g to be the smallest subgroup
of G containing g. We leave it as an exercise to verify that this is the group (g) :={1,g*',¢g%2,...}.
Groups generated by a single element are called cyclic groups.

Proposition 1.25. Suppose H is a cyclic group generated by x, H = (x). If the order of H is infinite,
then H = {1, xt! x£2 . .}, all of which are distinct elements. If H is of order n, then the order of

xisalsonand H={1,x,...,x™ '}

Proof. Suppose the order of H is infinite and H is generated by x. All we need to show is that
every power of x is distinct. Suppose that x™ = x™ for some m > n. This gives us x™ ™ = 1. Let
d = m—n, giving us x4 = 1. If | € Z, then by the Division Algorithm, 1 = dq + 1 where q € Z
and 0 < r < d. Now

Xl — qu+r — (Xd)qxr — "

Hence, every integral power of x is x" for some 0 < r < d. Thus, H is finite, which is a contradic-
tion. Hence, x™ # x™ for m # n.

Suppose H = (x) and |H| = n. Since H is finite, {1,x*1,x*2,. . }is a finite list. As proved before,
x4 =1 for some d € NT. Let m be the smallest positive integer such that x™ = 1 (such a number

exists because of Well-Ordering Property). Thus |x| = m. This means that {1,x, ... x™ 1) s a
group, which is precisely the same as H. Equating the number of elements, we get m = n. Thus,
x| =n. O

Proposition 1.26. Let H = (x).

1. If|x]| is infinite, then [x?| is also infinite for any a # 0.
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2. If|x| = n, then
n

= ged(a,n)

Proof. The first part is rather trivial to prove and is left as an exercise. We now prove the second
part. Let d = (a,n). We have
/d nya/d
(x*)™E = (x")
Since the order of x is n and a/d is an integer, we see that (xa)”/ 4 — 1. It is also not too difficult to
show that no m < n/d satisfies (x®)™ = 1. O

Recall Corollary 0.12, which states that any subset of Z that is closed under inverses and addition
must be of the form nZ for some n € Z. In other words, any subgroup of Z is of the form
nZ. Notice that Z is a cyclic group, generated by 1 or —1, and all its subgroups are also cyclic
subgroups. This idea extends to all cyclic groups, as stated next.

Proposition 1.27. Suppose H is a cyclic group and K < H. Then, K is cyclic.

Proof. If K is the trivial subgroup (containing only the identity), it is clearly cyclic. Suppose K is
non-trivial. Then, there is a non-zero integer n for which x™ € K. Since K is closed under inverses,
x ™ € K. Hence, there exists a d > 1 such that x4 € K. Let d be the smallest such integer (such a d
exists because of Well-Ordering Property). We claim that K = (x%). This is easily proven using the
division algorithm, and is left as an exercise. O

Theorem 1.28. Let H = (x) be a finite cyclic subgroup of order n and m € IN*. Then, H has a
subgroup of order m if and only if m | n. Moreover, for each divisor m of n, there is exactly one
subgroup of order m in H. (Alternatively, there is a one-one correspondence between subgroups
of H and divisors of n).

Proof. We know that|x| = n and that every subgroup of H is cyclic. Suppose K = (x¢) with a > 1.
Proposition 1.26 tells us that|x®| = n/d where d = gcd(a, n). Thus, the subgroup (x°) is mapped
to the divisor gcd(a, n). Conversely, assume that d is a divisor of n. Then,

‘Xn/d‘ - ged Fg,n) - n?d =d

Hence, we map the divisor d to the subgroup generated by x™/¢. It remains to show that for each
divisor d of n, there exists a unique subgroup of order d.

Suppose K < H and |K| = d. We must show that K = (x™4). Since K is cyclic, thereisa b € IN*
such that K = (x?). This implies that|K| = n/ gcd(b,n). Thus, gcd(b,n) =n/d = n/d | b.
Thusb = (n/d) - c for some c € Z. Now,

xP — Xc(n/d) c <Xn/d>
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Thus, K < (x™/4). However, order of both these groups are equal to d, which concludes that that
the two groups are equal, or K = (x™/4). O

Using this theorem, we can in fact find the total number of subgroups of H (total number of
divisors of n) and also construct each of these subgroups with the help of the prime-factorisation
of n.

Proposition 1.29. Suppose H = (x).

1. If H is infinite, then H has only one other generator, x .

2. If|[H| = n then x® generates H if and only if gcd(a,n) = 1.

Proof. First consider that H is infinite. We have shown that H = {1, xE1, x*2, ..}, all of which are
distinct elements. Suppose x® also generates H. Then, H = {1,x*¢,x*2¢,...}. Comparing the two
forms, x = x"® for some n € Z*. This gives us X" = 1. If na — 1 is non-zero then x generates
a finite cyclic group, which is a contradiction. Hence, na = 1. This gives us precisely the two
solutions a = £1. Thus, any infinite cyclic group has only two possible generators x or x~ 1. We
leave it to the reader to verify that x ! indeed generates H.

Now suppose H is finite. |[H| = n = |x| = n. We know from Proposition 1.26 that |[x®| = n/d
where d = ged(a,n). If x* also generates H then |x®| = n. This gives us d = 1. Conversely,
suppose that gcd(a,n) = 1. Then, [x*| = n and hence, x® generates a subgroup of H of order n.
However, the only subgroup of H of order n is H itself. Hence, x® generates H. This also gives us
that the number of generators of H are ¢(n). O

Example 1.30.

1. Consider the multiplicative group Z; = {T, 5, 7,ﬁ}. This is a group of order 4. However,

all its elements have order either 1 or 2. Hence, this group is not cyclic since a cyclic group
of order 4 must have an element of order 4.

2. Consider the real Heisenberg group, H(IR) which is a subgroup of SL3(IR). Consider a matrix

M =

oS o =

a
1
0

—_ 0 o

where M is not an identity matrix. We may decompose M as

1 0 0 0 a
M=([0 1 0[+1]0 0 ¢
0 0 1 0 0 0
I N

One may verify that N3 = 0 and

0 0 ac
N2=10 0 0O
00 0
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Now,

M" = (I+N)" = [ +nN + <T2‘>N2
For this matrix to generate a finite cyclic group, we need M™ = I for some n. This gives us
a = b = ¢ = 0, which is a contradiction since M # I. Thus, every non-identity matrix in
H(IR) generates an infinite cyclic group.
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§2. Group Homomorphisms

Definition 2.1. Let (G, x) and (H, ¢) be two groups. Amap ¢: G — His a (group) homomorphism
if @ satisfies
@(axb) =@(a)o@(b)forall a,b € G.

This is more compactly written as
@(ab) = @(a)e(b)

where the product is the “appropriate” group operation.

Definition 2.2. Let G, H be two groups. A map ¢: G — H is called an isomorphism if ¢ is a
homomorphism and ¢ is a bijection. In this case, we say that G and H are isomorphic and write
G =H.

Definition 2.3. Let G be a group. An automorphism is an isomorphism ¢ from G to itself.

Example 2.4. Following are some examples of homomorphisms

1. LetF be any field® and det: GL,,(IF) — F* be the determinant function. This is an example of
a homomorphism since det(AB) = det(A) det(B). IF* is the multiplicative group associated
with the field IF.

2. Consider the symmetric group S,, and define f: S, — {1, —1} by taking f(o) = sign(c) where
sign(o) is —1 if o is an odd permutation and 1 if it is an even permutation. f is a homomor-
phism since sign(oT) = sign(o) sign(t).

3. Suppose H < G where G is any group. The identity map i: H — G is a homomorphism,
trivially.

4. Consider @: C* — R* defined as ¢(z) =|z| for all z € C*. ¢ is a homomorphism.

5. Consider ¢: R — R* defined by ¢(x) = e* for all x € R. This is also a homomorphism,
since ¢p(x +y) = ¥V = e¥e¥ = d(x)d(y).

6. Consider the group
G:{[(]) ’1‘] |x€IR} < GLy(R).

One can verify that the map ¢: G — R defined as

is an isomorphism. Hence G = R.

5We will define a field later while discussing rings. For now, the reader may assume the field to be R or C.
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Definition 2.5. Let G be a group and a € G. The map T,: G — G defined as T,(g) = ag for all
g € G, is called translation by a.

T, is a bijection from G to G but it is not a homomorphism, in general. Notice however that every
element a € G gives rise to a permutation of G (assuming G is finite). Let Sg denote the group of
permutations of G and define ¢: G — S defined as ¢(a) = T,. We claim that ¢ is an injective
homomorphism. To show that ¢ is a homomorphism, we need to show that ¢(ab) = @(a)e(b)
forall a,b € G. Itis trivial to verify that T, = TqT,. We will prove the injectivity of ¢ soon while
proving Cayley’s Theorem.

Proposition 2.6. Let G, H be groups and let ¢: G — H be a homomorphism. Then,

1. (1) =1,
2. (p(a)) ' =¢(a ") foralla € G,and

3. the image of G under ¢ is a subgroup of H, that is,

imep ={¢(a)|ae G} <H

Proof. We have

Also, since 1-1 =1, we have
oM -e(M)=0() = (1) =1
For any a € G, we have
elaa) =1=0(a) - @(a)
This gives us
(p(a)) " =o(a)
The proof of the third part is left as an exercise and follows directly from the first two parts. [

1

Proposition 2.7. Suppose ¢: G — H is an isomorphism. Then, ¢~ ': H — G is also an isomor-

phism.

Proof. Suppose x,y € H. We show that o '(xy) = @ ' (x)e '(y). Let @(g) = x and @(h) =y
where g, h € G. Since ¢ is a homomorphism, we have

e(gh) =p(gle(h) =xy = ¢ '(xy)=gh=0 '(x)o '(y) O

Definition 2.8. Let G, H be groups and let ¢: G — H be a homomorphism. The kernel of ¢ is
defined as
kero :={ge G|o(g) =1}
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Proposition 2.9. Let G, H be groups and let ¢: G — H be a homomorphism. Then, ker ¢ < G.

Proof. Left as an exercise. O

Proposition 2.10. Let G, H be groups and let ¢: G — H be a homomorphism. ¢ is injective if and
only if ker ¢ = {1}, the trivial subgroup.

Proof. Observe thatforall a,b € G
pla) =9(b) & o¢(a) (o) '=1 & pab) =1.

If ¢ is injective, then @(a) = ¢(b) & a =b. Hence, e(ab ) =1 & a="bandker¢ ={1}.
Conversely, suppose ker ¢ = {1}. Then, p(ab™!) =1 ab”' =1 & a =b. Thus,
@(a) = @(b) & a =Dband ¢ is injective. O

Proposition 2.11. Let G, H be groups and let ¢: G — H be a homomorphism. If ¢ is injective then
G =im .

Proof. Note that ¢: G — im @ is surjective by definition. If ¢ is also injective, then ¢ is a bijection.
Moreover, @ is also a homomorphism. Thus, ¢ is an isomorphism and G = im ¢. O

Theorem 2.12 (Cayley’s Theorem). Every group is isomorphic to a subgroup of a permutation
group.

Proof. We showed that ¢: G — Sg defined as @(a) = T, is a homomorphism. From Proposi-
tion 2.6, we have that im ¢ < Sg, a permutation group. Now, we have

ackerog = ¢la)=1 = T(1)=1 = a=1

Hence, ker ¢ = {1}. By Proposition 2.10, ¢ is injective and hence G = im ¢. Hence, G is isomorphic
to a subgroup of a permutation group. O

Example 2.13. Suppose G = Z3 and define ¢: G — S3 as above. One can show that im ¢ contains
the identity permutations and both the 3-cycles and hence forms a subgroup of S3. In fact, im ¢ =
As.

Suppose ¢: G — H is a homomorphism. We saw that elements of G that map to the identity in H
form a subgroup of G, its kernel. We now generalise this idea by looking at what elements in G
map to a particular element h € H.
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Definition 2.14. Let G, H be groups and let ¢: G — H be a homomorphism. The fiber of an
element h € H is defined as

¢ '(h):={g€G|op(g)=h}.

Remark 2.15. ker ¢ = @ '(1).

Definition 2.16. Let H < G. For g € G, we define the left coset of H by g as
gH:={gh|h € H}
Similarly, we define the right coset of H by g as

Hg:={hg|h € H}.

Proposition 2.17. Let H < G. Then, the number of left and right cosets of H in G are equal. This
common value is called the index of H in G and is denoted as [G : H].

Proposition 2.18. Let G, H be groups and let ¢: G — H be a homomorphism. Suppose g € G and
¢@(g) = h. Then, the fiber of h is the left coset of ker ¢ by g.

Proof. Suppose x € G is such that ¢(x) = h = ¢(g). We have

1 1

e(x)=@(g) &< @(g ' x)=1 & g xeckerp < x € gkereo. O

Proposition 2.19. Let G be a group and let H < G. Then, any left or right coset of H in G has the
same cardinality as H itself.

Corollary 2.20. Let G, H be groups and let ¢: G — H be a homomorphism. Given any two h, h' €
H, the cardinality of @ '(h) and @ '(I) is the same, and is equal to the cardinality of ker ¢.

Proposition 2.21. Let H < Gand a,b € G. Then,
1. aH=bH &= b la€eH,
2. either aH =bH or aHNbH = @, and
3. in particular, if b € aH, then aH = bH.
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Proposition 2.22. Suppose H < G. Then the following two equivalent statements are true.
1. For a,b € G, therelation a~b &= a € bH is an equivalence relation on G.

2. The left cosets of H, namely gH for g € G, form a partition of G. In other words, G is a
disjoint union of left cosets of H.

Proposition 2.23. Let G, H be groups and let ¢: G — H be a homomorphism. Then, G is a disjoint
union of fibers of elements in im ¢. That is,

G= || o'

heim ¢

Theorem 2.24 (Counting Principle). Let G be a group and let H < G. Then, |G| =|H| - [G : H].

Proof. The proof is straightforward since G can be written as a disjoint union of distinct left cosets
of H. O

Corollary 2.25. Let ¢: G — H be a group homomorphism. Then, |G| =|ker ¢| - [im ¢]|.
Another corollary of the counting principle is the following.

Theorem 2.26 (Lagrange’s Theorem). Let G be a group and let H < G. Then, |H| divides|G]|.

Corollary 2.27. Let G be a finite group of order p where p is a prime number. Then, the only
subgroups of G are the trivial subgroup and G itself.

We now provide a second proof of Euler’s Theorem using Lagrange’s Theorem.

Theorem 2.28 (Euler’s Theorem). Let a,n € N* and (a,n) = 1. Then, a®™ = 1 (mod n).

Proof. Consider the multiplicative group Z; of order ¢(n). Since ged(a,n) =1,a € Z;;. Consider
the cyclic group H generated by a. H is a subgroup of Z. By Lagrange’s Theorem, |H| divides
@(n). But|H| =[a|. We know that

(@ =1

Now, since ¢(n) =|a| - m for some m € Z, we have

(@°™ =7 —= a®*™ =1 (modn) O
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Note that the converse of Lagrange’s Theorem is not true. That is, if G is a group of order n and d
is a divisor of n, then there need not exist a subgroup H < G of order d. Consider the group A4,
of order 12.

Claim: There exists no subgroup of A4 of order 6.

Proof. Suppose there is a subgroup H < A4 of order 6. By the counting principle, H will have 2 left
cosets. Then, A; = HU oH where 0 € Aj and 0 € H. A4 consists of the identity permutation, 8
3-cycles and 3 elements which are products of 2 disjoint 2-cycles. If T is a 3-cycle in A4 then T3 = 1
and hence T = ™ = (12)2. Thus, if T € A4, then % € H, since the square of every permutation
in A4 is a 3-cycle. If T € H then clearly T € H. Pick an element T € oH. Then, T = ch for some
h € H. We then have T = choh. Notice that G can also be written as a disjoint union of right
cosets. We then get

G=HUoH=HUHo = oH =Ho.

Now, ho = oh’ for some h/ € H. We thus get T2 = ¢*h'h € oH. Thus, 6*h’hoh for some h € H.
However, this gives us ch'h = h — o € H which is a contradiction. ]

Theorem 2.29. Suppose K < H < G and G is finite. Then, [G : K] =[G : H] - [H : K].

Proof. Suppose [G : H] = r. Then,

.
G= |_| giH for some gy, ..., g € G.

i=1
Suppose [H : K] = s. Then,
N
H= |_| h;K for some hy, ..., hy € H.
j=1
It is left as an exercise to show that cosets of the form g;h;K are disjoint and to show that these

cosets exhaust G. Thus,
T S

G=|]|]ghhK = [G:Kl=r1"5 O
i=1j=1

Definition 2.30. Let G be a group a € G. The map y,: G — G withy.(g) = aga~'forallg € Gis
an isomorphism and is called conjugation by a or an inner automorphism of G.

Definition 2.31. Let G be a group. Then, the set
AutG :={¢: G — G| ¢ is an automorphism}

forms a group under composition of maps and is called the automorphism group of G.
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Proposition 2.32. Suppose G is the® cyclic group of order n, that is, G = Z,,. Suppose ¢: G — G
is an automorphism. Then, the following are true.

1. (1) =mwheregcd(m,n) =Tand1 <m <n-—1.

2. The map P: AutG — Z defined by (@) = (1) is an isomorphism.

Definition 2.33. Suppose G is a group and N < G. For g € G, we define gNg~' := {gng™' | n €
N1 N is said to be a normal subgroup of G if gNg~' = N for all g € G. We denote thisas N < G.

Proposition 2.34. Let G, H be groups and let ¢: G — H be a homomorphism. Then, ker ¢ < G.

Proposition 2.35. Suppose H < G and [G : H] = 2. Then, H < G.

Proof. Since [G : H] = 2, G is the disjoint union of two distinct left (or right) cosets of H. That is,
for some g € G\ H, we have G = HU gH and G = HUHg. Let gh € gH. Since gh € G, we must
have either gh € H or gh € Hg. Note that gh €¢ H = g € H. Since we assumed g ¢ H, we get
that gh € Hg = gH C Hg. A similar argument also shows that Hg C gH, giving us gH = Hg.
We leave it as an exercise to show that gH =Hg — H < G. O

Corollary 2.36. Foralln € N*,n >3, A, <S,.

Definition 2.37 (Center). Let G be a group. The center of G is defined as

Z(G):={ze G|zg=gzVg € G}

Proposition 2.38. Let G be a group and let Z(G) denote its center. Then, Z(G) < G.

Proof. Let x € G. Then, xZ(G)x7' = {xyx" |y € Z(G)}. Sincey € Z(G), xyx ' = yxx"' =y
Thus, xZ(G)x~' = Z(G) for any x € G. O

Proposition 2.39. Let H < G. Then, the following statements are equivalent.

1. HQG.

®Tt turns out that up to isomorphism, there is only one cyclic group of order n and only one infinite cyclic group.
This is listed as an exercise.
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2. gH = Hg.

3. Each left coset of H is some right coset of H.

Proof. We only prove that (2) &= (3) as the rest of the implications are easy to verify. Suppose
gH is some left coset of H and gH = Ha for some a € G. Now, g € gH = g € Ha. However,
we know that g € Hg. Since any two right cosets of H are either equal or disjoint, we conclude
that Ha = Hg and hence, gH = Hg. O

Corollary 2.40. If H is the only subgroup of order d in a group G, then H < G.

Proof. Fixa g € G. We know that y4: G — G is an isomorphism. Hence,

gHgfl) =|H| = d. But
since H is the only subgroup of order d, we conclude that gHg~' = H for all g € G. O

Theorem 2.41 (Correspondence Theorem). Let ¢: G — G’ be a homomorphism. Then, the follow-
ing are true.

1. ¢ '(H') < G for all subgroups H' < G’. Here, ¢ ' (H') :={g € G| ¢(g) € H'}.
2. If H' < G’ then ¢ '(H/) < G.
3. If @ is surjective and @' (H’) < G, then H' < G'.

4. If o is surjective, then there is a one-to-one correspondence between the following sets.
H< G|kerp < H}+«— {H' <G}

Under this correspondence, H' < G <= ¢ '(H') 9 G

Proof. Let H be a subgroup of G containing the kernel and let H' be a subgroup of G’. To show
a bijection, we need to show that @ '(@(H)) = Hand @(¢ '(H")) = H'. The second statement
is trivial, hence we only look at the first statement. It is easy to show that H C @ "(@(H)). Let
x € @ (p(H)) = @(x) € (H). Thus, ¢(x) = @(h) for some h € H. Thus, p(xh ") =1 =
xh™! € kero C H. Thus,x e H = ¢ '(¢(H)) C H, completing the proof.

Let g € G. We need to show that g~ (H')g~! C H'. Let x € @' (H’). Then, ¢(x) € H'. Now,
elgxg™) = o(g)o(x)o(g”') € H'
Thus, gxg~' € ¢ ' (H') forallx € @' (H/). Thus, ¢~ ' (H') < G.

We now show that if ¢ is surjective and H < G containing ker ¢ then ¢(H) < G’. We look at the
conjugate g’ (x)(g’) "' where x € Hand g’ € G’. Since ¢ is surjective, g’ = @(g) for some g € G.
Now,

g o(x)(g) " =e(g)ex)(@(g) " = elgxg™') € @(H) O
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Proposition 2.42. Let ¢: G — G’ be a surjective homomorphism and let H' < G’ and ¢~ (H’) be
its inverse image. Let 5: @~ '(H’) — H’ be the map ¢ restricted to @' (H’). Then,

1. 6 is a surjective homomorphism.
2. ker ¢ = kerd.
3. ‘(p_](H’) = |ker o| -’H".

We know the subgroups of S; - the trivial subgroup, 3 subgroups of order 3, the alternating group
A3, and S3 itself. We now use this knowledge to understand a certain class of subgroups of S4. Let
A ={Ty, T, T3} where

Let 0 = (1234). Then, o gives rise to a permutation ¢, of .A. We have

(o)) =T ¢(0)(T2) =T2 ¢(o)(T3) =T

Similarly, any permutation in S4 is mapped to a permutation in S3. We leave it as an exercise to
show that @: S4 — S3 as defined above forms a surjective homomorphism. One may also verify
that

Vi={1,(12)(34),(13)(24),(14)(23)} C ker @

V forms a subgroup of S, called the Klein-four group which corresponds to reflections of a square.
Note also that|S4| = |ker ¢|:|S3] = |ker ¢| = 4. Thus, the Klein-four group is in fact the kernel of
this homomorphism. Using the correspondence theorem, we can deduce a lot about the subgroups
of S4 containing the Klein-four group. There are exactly 6 such subgroups, each having order equal
to a multiple of 4 that divides 24. This gives us 4, 8, 12 and 24 as the possible orders. The subgroup
of order 4 is the Klein-four itself while the subgroup of order 24 is S itself. One can further show
that all subgroups of order 8 that contain the Klein-four group arise from subgroups of order 2 in
S3, which are exactly three in number. We hence conclude that there are exactly 3 subgroups of
order 8 in S4 which contain the Klein-four group. Moreover, the three subgroups of order 2 in S3
are not normal, hence the subgroups of order 8 in S4 containing the Klein-four group are also not
normal. Finally, there exists a unique subgroup of order 12 in S4 containing the Klein-four group,
which turns out to be the alternating group Aj. Note that characterising these subgroups of S4
was a herculean task to carry out by only looking at S;. However, the correspondence theorem
allows us to map these subgroups to simpler subgroups of a group which we understand.
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§3. Direct Products and Quotient Groups

Definition 3.1 (Direct Product). Suppose Gy, ..., G, are groups. We define the direct product of
these groups as

G1 X...XGn={(g1,...,9n) | gi € Giforalli € {I,...,n}}
with the associated binary operation as

(91,-- -, gn)(hu,..., hn) = (g1hy, ..., gnha)

where each gi, h; € G foralli € {1,...,n}. The direct product, along with this binary operation,
forms a group.

Example 3.2. Let C; be the’ cyclic group of order 2 and let C; be the cyclic group of order 3.
Suppose C; = (x) and C3 = (y). Then,

C2x C3 = {(1,1), (Ly), (Ly?), (1), (x,y), (x,y7) }

Notice that |(x,y)| = 6. Since |C; x C3| = 6, we see that (x,y) in fact generates C, x C;. That
is, C2 x C3 = ((x,y)), a cyclic group of order 6. Since there is only one cyclic group of order 6,
we conclude that C; x C3 = C¢. We leave it as an exercise to explicitly define the isomorphism
between these two groups. This is generalised by the following proposition.

Proposition 3.3. Suppose C;, and C,, are cyclic groups of order m and n respectively. Then,
1. |C x Cr| = mn.
2. Cy x Cq is cyclic if and only if ged(m,n) = 1.
3. if gcd(m, ) =1, then Ciy X Cp = Cppn.
4. ifx € Chandy € Cy, then!(x,y)’ =lem(|x|,|y|)-

Definition 3.4 (Inclusion Maps). Let A and B be two groups and let A x B denote their direct
product. Definein: A - A xBandig: B — A x Bas

ia(a) = (a,1) foralla € A

ig(b) = (1,b) forallb € B

We call i the inclusion map of A in A x B and ig the inclusion map of B in A x B.

7Since, up to isomorphism, there is only a single cyclic group of order n, we denote this group as Cr.



§3 Direct Products and Quotient Groups 35

Proposition 3.5. Let A, B be two groups and let 4, ig be their respective inclusion maps in A x B.
Then,

1. ia and ip are group homomorphisms.
2. imip < A X Bandimig < A x B.
3. ia and ip are injective.

4. imip = A and imig = B.

Definition 3.6. Let A and B be two groups and let A x B denote their direct product. Define
Po:AXB—AandPg: AxB — Bas

PA(a/b) =a

PB (CL, b) =b
We call P the projection map of A x B onto A and Py the projection map of A x B onto B.

Proposition 3.7. Let A, B be two groups and let Pa, Pg be their respective projection maps. Then,
1. Pa and Py are group homomorphisms.

2. kerPp = imig and ker Pg = im ia.

Corollary 3.8. Let A, B be two groups and let i, ig be their respective inclusion maps in A x B.
Then, imip < A x Bandimig < A x B.

Proof. We leave the proof as an exercise to the reader. We will later show that The proof follows
quite trivially since im iy and im ig are both the kernels of some group homomorphisms (namely,
the projection maps described above). O

Proposition 3.9. Let A, B be two groups and let 15, ig be their respective inclusion maps in A x B.
Then,

2. imipimig = A X B where

imiaimig := {(a,1)(1,b) | (a,1) € imia, (1,b) € im iz}

3. for any (a,b) € A x B, the decomposition of (a, b) into a product of two elements in imia
and im i is unique.
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Definition 3.10 (Internal Direct Product). Let G be a group and Nj, ..., N be normal subgroups
of G. We say that G is an internal direct product of Ny, ..., Ny if

1. G=Nj-- Ny

2. Every g € G has a unique decomposition g =ny - - -ny wheren; € N; foralli e {1,...,t}.

Hence, we just showed that A x B is an internal direct product of imis and imig. Note that the
definition does not require that these normal subgroups intersect trivially. In fact, this follows
from the definition itself.

Proposition 3.11. Let G be a group and Ny, ..., N¢ be normal subgroups of G. If G is an internal
direct product of Ny,..., Ny, then Ny N; = {1} forall i,j € {1,...,t} withi #j.

Proof. We will consider the case that G is an internal direct product of 2 normal subgroups, N;
and N;. The idea used next generalises very well to any internal direct product. Suppose that N;
and N; both contain g # 1. Then, they also contain g~'. Now consider the identity 1 € G. We can
write

1=1-1=g-g"
Thus, giving us two distinct ways of writing the same element in G as a product of elements in
Nj, N,. Hence, N7 and N; must intersect trivially. O

Lemma 3.12. Let G be an internal direct product of normal subgroups Ny, ..., N;. Then, for all
a € Ny, b € Nywithi,j €{l,...,t}and i # j, we have ab = ba. That is, elements in distinct N;’s
commute.

Proof. Leta € Nyand b € Njand i # j. Define h = aba 'b~!. We can write h as (aba )b~
The bracketed term is a conjugate of b. Since b € Nj and N;j is normal, we have aba™' € N;.
Sinceb™!' € N j, we have h € Nj. Similarly, we can write h = a(b a~'b) and conclude that h € Nj.
However, since i # j, we have N; N N; = {1}. Thus, h = 1. This gives us aba b '=1 = ab=
ba. [

Theorem 3.13. Let G be a group and Nj, ..., N be normal subgroups of G. If G is an internal
direct product of Ny,...,N¢, then the map @: N7 x ... X Ny — G defined by
oMy, ..., ) =ng---ny

is an isomorphism, and hence G = Nj X ... X Ny.

Proof. We first prove that ¢ is a homomorphism. Let (ny,...,n¢), (my,...,m¢) € N7 X ... X N be
two n-tuples. Then,

@ ((n1,...,n)(my,...,my)) =@ (mymy, ..., umy) =ngmy - - - ey
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We also have
emny,...,nde(my,...,my) =ng---ngmy - - My

Now, since n;, m; all belong to distinct N;, the above lemma allows us to conclude commutativity
of these elements. Thus,

¢ (..., n)(my,...,my)) = e(ny,..., n)e(my, ..., my)

and hence ¢ is a homomorphism. It is trivial to check that ¢ is surjective. Also observe that
ker o ={(1,...,1)}since 1 € G has the unique representation 1- - - 1. Thus, ¢ is also injective and
hence a bijection. This proves isomorphism. O

Proposition 3.14. Let G be a group and let H, K be finite subgroups of G. Define
HK:={hk|h e HkeK} =[] hK
heH

Then, the following hold true.

[H[K]
[HN K]

2. HK < G & HK = KH.
3. If K < G then HK < G.

1. |HK| =

Proof. We see that HK is a union of left cosets of K taken over elements in H. Hence, to count
the number of elements in HK, we only need to count the number of distinct left cosets of K by
elements in H. To this end, observe that

hK=hK & hy'hy €K
Since h{l hy must also lie in H, we have
hK=hK < hy'h eKNH & hi(KNH) =hy(KNH)

Hence, the number of distinct left cosets of K by elements in H is equal to the number of distinct

left cosets of KN H in H. However, this is precisely equal to [H : KN HJ. If H, K are finite, this is
[H]

equal to KA Each distinct left coset has precisely |K| elements. Thus,
HK| =|K|-[H:KNH] = ———-
[HK] =[K]-T ] [HNK|

Now, suppose that HK is a subgroup and let h € H and k € K. We then have h = h1 € HK and
k = Tk € HK. Since HK is closed under products, we have kh € HK and thus KH C HK. We also
have (hk)~' € HK, so (hk)™" = xy for some x € H,y € K. Thus, hk = (xy)~' =y 'x ! € KH
sincey™' € Kand x~! € H. Thus, HK C KH. Hence, if HK < G then HK = KH.

Conversely, suppose that HK = KH. We trivially see that 1 € HK. Suppose a,b € HK. Thus,
a = hyk; and b = hyk; for some hy,hy, € H and k1,k; € K. Now, k1h, € KH = HK and thus
kih; = hk for some h € H and k € K. We then have

ab = h] k] hzkz = h] hkkz
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Since H and K are closed under products, hih € H and kk; € K, giving us ab € HK. Also,
a' = (k) =k Thy! € KH =HK
Thus, HK is closed under products and inverses and also contains the identity. Thus, HK < G.

Now, suppose K < G. It suffices to show that HK = KH. Let x € HK. Thus, x = hk for some
h € H, k € K. We have
xh™! = hkh™! € K (since K is normal)

Thus, x € HK = x € KH and hence HK C KH. One can similarly show that KH € HK. Thus
HK = KH and HK < G. O

Proposition 3.15. Let G be a group and let N < G. Define G/N := {gN | g € G}, the set of all left
cosets of N. Then, G/N forms a group with binary operation defined as

(gN)(hN) = (gh)N for all gN,hN € G/N

Proof. We first prove that this binary operation is well-defined. That is, if gN = giN and hN =
hiN, then (gh)N = (gihy)N. gN = gi1N = g?lg € Nand hN =hyN = h{lh € N. Now,

(gh)N = (gi)N & (gily) 'ghe€ N & hilgi'gheN

Now, g~'g =n; and hf‘h =n, for some ny,n; € N, giving us g = giny and h = hyn,. Thus,
(gh)N = (gihy )N — hﬂg?]gﬂuh]nz eEN & hT]TL]h]TLz €N
Now h{lm‘m € N since N is normal. Thus, h]_]m hin, € N = (gh)N = (gihy)N.
Now, we prove associativity. Let g1N, g2N, gsN € G/N. We have
(g1NgaN) gsN = (9192N)g3N = ((g192)g3) N

Since G is associative, (g192)g3 = g1(g293). Thus,

(91Ng2N) g3N = (g1(9293)) N = g1N(g293N) = g1N (g2NgzN)
Since (gN)N = N(gN) = gN, N is the element. It is also trivial to check that (gN)~' = g~'N.

Hence, G/N forms a group. O

Remark 3.16. The group G/N, as defined above, is called the quotient group of N in G.

Proposition 3.17. Let G be a group and let N < G. Define ¢: G — G/N with ¢(g) = gN for all
g € G. Then, @ is a surjective group homomorphism.
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Proof. Surjectivity is evident. We hence only show that ¢ is a homomorphism. Given any g1, g, €
G, we have

©(9192) = 192N = (g1N)(g2N) = @(g1)p(g2) O

Proposition 3.18. Every normal subgroup of a group G is the kernel of some group homomor-
phism.

Proof. Let G be a group and let N < G be a normal subgroup. We define ¢: G — G/N with
¢@(g) = gN for all g € G. The identity element of G/N is N. Hence,

kero={geGlo(g)=N}={geG|gN=N}=N O

Proposition 3.19. Let G be a group and let N < G. Then, every subgroup of the quotient group
G/N is of the form H/N = {hN |h e H} where N < H < G. Conversely, if N < H < G, then
H/N < G/N. Moreover, if N < N’ < G, then N'/N < G/N.

Proof. This is a direct application of the Correspondence Theorem. O

There is a reason why we are interested in only quotient groups generated by normal subgroups.
Such a nice structure will not exist if the subgroup isn’t normal. In fact, the binary operation
defined above is indeed a well-defined binary operation then the subgroup must be normal, as we
now show.

Proposition 3.20. Let G be a group and let N < G. The operation -: G/N x G/N — G/N defined
by
(gN) - (hN) = (gh)N for all gN,hN € G/N

is well-defined if and only if N < G.

Proof. We have already shown that if N < G then the binary operation on G/N is well defined.
Now suppose the operation is well-defined. That is, if gN = g1N and hN = h;N then (gh)N =
(githy)N. Letn € N and let g € G. We have nN = IN. Thus, (ng)N = (1g)N = gN, which gives
us gN =ngN. Thus, N = g~ 'ngN and hence g-'ng € N forall g € G, giving us N < G. O
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§4. Semidirect Products

We now study the “semidirect product” of two groups H and K, which is a generalisation of the
direct product which relaxes the requirement that both H and K be normal. Suppose G is a group
and H, K are subgroups of G such that

1. H < G (but K is not necessarily normal in G), and
2. HNK=1.

By Proposition 3.14, HK < G. Moreover, every element in HK can be written uniquely as hk for
some h € H, k € K. That is, there is a bijection between HK and H x K, given by hk — (h, k).
Here, the group H appears as elements of the form (h, 1), while the group K appears as elements
of the form (1, k). Given hyk;, hok; € HK, we have
(hiki) (haks) = hukiha (kg Tk k)

= hy(k1haki Dk ka

= hsk3
where hy = hy (k4 hzk]_1) € H since H is normal, and k3 € K. Since H is normal in G, K acts on H
via conjugation, with action defined as (k, h) — khk~'. With this, the product of two elements of

HK can be written as
(hikq)(hoka) = (hy kg - ha)(kikz)

The action of K on H gives rise to a homomorphism of K into Aut(H). We now use this interpreta-
tion to define a group given two groups H and K, and a homomorphism from K to Aut(H).

Theorem 4.1. Let H and K be groups and let ¢: K — Aut(H) be a homomorphism. Let - be the
(left) action of K on H determined by ¢. Let G be the set of ordered pairs (h, k) withh € H, k € K,
and define operation on G as

(hy, k1) (h2, k2) = (hy kg - hy, kiky).

1. Gis a group under this operation with |G| =|H| - |K]|.

2. Thesets {(h,1) | h € H}and {(1,k) | k € K} are subgroups of G and the maps h — (h, 1) for
h € H,and k — (1,k) for k € K, are isomorphisms of these subgroups with the groups H
and K respectively. That is,

H={(h1)|heH} andK = {(1,k) | k € K}.

Identifying H and G with their isomorphic copies as above, the following are true.
3. HJIG.
4 HNK=1.
5. Forallh € H,k € K, khk™! =k-h = ¢(k)(h).

Proof. Since we have discussed the motivation for the above, the proof becomes easy.
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1. We leave it as a simple exercise to prove that G is a group, with identity (1,1) and (h, k)" =
(k"-h71, k1. Moreover, we clearly have |G| =|H| - |K|.

2. Let H:={(h,1)|h € Hland K:={(1,k) | k € K}. Forall a,b € H and all x,y € K, we clearly
have
(a,1)(b,1) = (ab, 1) and (1,x)(1,y) = (1,xy)

which shows that H and K are subgroups of G, and that the maps as defined are isomor-
phisms.

4 Tt is clear by definition that HNK=1.
5 We have
(1L,K) (DK = (k-h k) 1,k
=(k-hk-1,kk™)
Identifying (h, 1) with h and (1, k) with k, we get khk ' =k-h.

3 We have shown above that K < Ng(H). Since H < Ng(H) and G = HK, it follows that
G = Ng(H). Hence, H < G.

O

Definition 4.2. Let H and K be groups and let ¢: K — Aut(H) be a homomorphism. The group G
described in Theorem 4.1 is called the semidirect product of H and K with respect to ¢. We denote
this group as H %, K. When there is no danger of confusion, we simply write H x K.

Proposition 4.3. Let H and K be groups and let ¢: K — Aut(H) be a homomorphism. Then, the
following are equivalent.

1. The identity map between H x K and H x K is an isomorphism.
2. ¢ is the trivial homomorphism.

3. K< HxK.

Proof.
1 = 2. By the definition of the group operation on H x K, we have

(hy, k1) (h, k2) = (h1 kg - hy, kika)

forall hy, h, € Hand ks, k; € K. If the identity map is an isomorphism, then (hy, k1) (hy, k) =
(h1ha, kikz). Thus, we get k1 - hy = hy for all h, € H,k; € K, so that ¢ is the trivial homo-
morphism.

2 = 3. If @ is trivial, then the action of K on H is trivial. Thus, the elements of H commute with K by
Theorem 4.1, and H normalises K. Since K normalises itself, we get that G = HK normalises
K, so that K << H x K.
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3 = 1. If K < H x K, then both H and K are normal subgroups of H x K. Now, forany h € H, k € K,
we have
h 'k Thk = h™' (k""hk) € H since H is normal, and
h " Thk = (h "'k Th)k € K since K is normal.

Since HN K = 1, it follows that hk = kh for all h € H, k € K. Thus, the action of K on H is
trivial and we get (hy, k1) (hy, k2) = (hihy, kikz), which completes the proof. O

Example 4.4.

1. The dihedral group D;, can be expressed as the semidirect product of two cyclic groups. In
fact, we have Dy, = Z, x Z;. Recall that any element in D;, can be written as r's) where
i is unique modulo n, and j is unique modulo 2. We leave it to the reader to verify that
(i,j) + r's) is an isomorphism.

2. With the above, we may generalise the dihedral group to infinite order, by considering the
semidirect product Z = Z,. We denote this infinite-order group as D

Theorem 4.5. Let G be a group and let H, K be subgroups such that
1. H<Q G, and
2. HNK.

Let ¢: K — Aut(H) be the homomorphism defined by mapping k € K to the automorphism
induced by conjugation by k on H. Then, HK = H x K. In particular, if G = HK with H,K
satisfying the above two, then G is the semidirect product of H and K.
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§5. Isomorphism Theorems

Theorem 5.1 (First Isomorphism Theorem). If ¢: G — H is a group homomorphism, then
G/ ker @ = im ¢.

Proof. Let N be ker ¢ and let G’ = im ¢. We have shown that N < G. Let t: G — G/N be the
map defined as 7t(g) = gN for all g € G. Now, we define {: G/N — G" as P(gN) = ¢(g) for all
gN € G/N. We first show that this map is well-defined. For g, h € G, we have

gN=hN & h'geN & oh'g)=1 &= (o) o(g)=1 < olg) = o(h)

This not only proves that the map is well-defined but also that it is injective. Moreover, surjectivity
of V is easy to verify. Hence, \ is an isomorphism between G/N and G’. Recall that we had
defined N = ker ¢ and G’ = im ¢. Thus, G/ ker ¢ = im @. O

Pictorially, we can visualise the first isomorphism theorem as follows.

G ¢

im @
)

G/ ker @

For example, consider ¢: S, — {1, —1} defined by ¢(0) = sign o for all o € S,,. The kernel of this
map is the group of all even permutations, or the alternating group. Thus, ker ¢ = A,,. By the
first isomorphism theorem, S,/A, = {1,—1} Note that {1, —1} is just the cyclic group of order 2,
denoted as C;,. Hence, S,,/A,, = C,.

Let V be the Klein-four group in S, thatis, V = {1,(12)(34),(13)(24),(14)(23)}. We have seen
that V' < S4. After a laborious argument earlier, we were able to show that S4/V was in fact S;.
But this is achieved rather simply using the first isomorphism theorem. We leave it as an exercise
to show that S4/V = S3.

Let S < C* be the subgroup of complex numbers with magnitude unity. We define a map
f: R — S' defined as f(x) = ™. We leave it as an exercise to show that f is a homomorphism.
Notice that ker f = Z. This shows us that Z < R. Moreover, R/Z = S'.

Theorem 5.2 (Second Isomorphism Theorem). Let G be a group. Let N < G and H < G. Then,
N <<HN,HNAN <Hand HN/N = H/HNN.

Proof. Since N forms a normal subgroup of G, it is also clear that it forms a normal subgroup HN.
Let m: G — G/N be the ‘natural’ homomorphism, that is, t(g) = gN for all g € G. Using 71, we
define 7ty: H — G /N which is the restriction of 7t to H. It is easy to verify that this restriction is a
homomorphism too. We will now show that im 7ty is precisely HN/N. We have

HN/N={hnN|heHne N} ={(hN)(nN) |[he H,n e N} = {hN |h € H} = immy
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Also, h € kermy &= hN = N &= h € N. But, we already know that h € H. Hence,
ker my is given precisely by H M N. This shows us that HN'N < H since it is the kernel of some

group homomorphism. By the First [somorphism Theorem, we have H/ ker ty = im 7ty and thus
HN/N=H/HNN. O

The second isomorphism theorem is sometimes also called the Diamond Isomorphism Theorem, the
reason for which should be clear from the following diagram.

G

= /N
@ . G/N

G————G/N— H/N

< <

H—2" 1N

Proof. We will use the above diagrammatic representation to prove this theorem. ¢: G — G/N
represents the natural homomorphism ¢(g) = gN. @y is the restriction of ¢ to H. Let X € H/N
and Y € G/N. We have X = hN for some h € Hand Y = gN for some g € G. Now,

YXY™" = (gN)(hN)(g~'N) = (ghg™")N

Since H < G, we have that ghg™' = h’ for some h/ € H. Thus, YXY~! = h/N € H/N and
hence, H/N < G/N. Consider the map mo ¢: G — % Since 7 and ¢ are surjective ho-

momorphisms, 7o @ is also a surjective homomorphism. We know that kert = H/N. Thus,
ker(mwo @) = {g eGlolg) = H/N}. Thus, ker(mo @) = H. By the First Isomorphism Theorem,

we conclude that
G/N

G/H%W

O]

Theorem 5.4. Let G be a finite abelian group of order n and let d € IN™ be such that d | n. Then,
G has a subgroup of order d.
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Proof. We will apply induction on the order of G. If n = 1, the theorem is true. Suppose the
theorem is true for all abelian groups of order strictly less than n. We first prove that for any
prime p with p | n, G has an element of order p.

We may assume |G| > 1. Suppose a € G such that|a| = m > 2. Suppose p | m. Then, a™? has
order p. Suppose p 1 m. Consider N = (a) with|N| = m. Since G is abelian, every subgroup of G
is normal. Hence, N < G. Now, consider the quotient group G/N. We know that|G/N| =n/m.
Since p | n and p t m, we conclude that p divides |G/N|. By the induction hypothesis, there
exists an element of order p in G/N, since G/N is abelian and of order strictly less than n. Thus,
[bN| = p for some b € G. Suppose |b| = k. This gives us b* =1 = (bN)* = N. Thus, p | k and
we are back to the first case. Hence, there is an element of order p and hence a subgroup of order

P

Fix a prime p such that p | d. Let a € G be an element of order p in G and let N = (a). Thus,
IN| = p. We have|G/N| = n/p < n. Now, by the induction hypothesis, there exists a subgroup
H/N of G/N with |H/N| = d/p. Thus, |H| /|N| = d/p, which gives us |H| = d and we are
done. O
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§6. Group Actions

§86.1. Definitions

Definition 6.1 (Group Action). Let G be a group and let S be a set. A group action of G on S is a
map from G X S to S (denoted as g - s forall g € G, s € S) satisfying

1. g-(h-s)=(gh)-sforallg,h € G,s €8S.
2. 1-s=sforalls €S.

In this case, we say that G acts on S or that S is a G-set.

Definition 6.2 (Permutation Representation). Let G be a group and let S be a set. A homomor-
phism ¢: G — Ss is called a permutation representation of G on S.

Theorem 6.3. Let G be a group and let S be a set. Define 04: S — S with o4(s) = g-sforalls € S.
Then, the following is true.

1. o0y is a bijection, and hence a permutation of S.

2. Themap @: G — Ss defined by ¢(g) = 0,4 is a permutation representation of G on S.

Proof. To prove the first part, we show that Oy is the inverse of o4. Indeed, we have
0g-100g(s) =g '-(g-s)=(g'g)-s=1-s=sforalls €S

Similarly, og is the inverse of -1 This shows that oy is a bijection, and hence a permutation of S.

We already know that 1-s = s forall s € S. To prove that ¢ as defined above is a homomorphism,
we see that
ogo0on(s) =g-(h-s)=(gh)-s=ogn(s)forallg he G,s€S

Hence, ¢(g)@o(h) = @(gh) forall g,h € G. d

It turns out that the converse of the above theorem is also true.

Proposition 6.4. Let G be a group and let Sbe aset. Let\{: G — Ss be a permutation representation
of G on S. Then, the map from G x S to S, defined by

g-s=1vY(g)(s)forallg e G,s €S

is a group action of G on S.

Proof. Clearly, (1) is the identity permutation and hence 1-s = s for all s € S. We have

g- (h-s)=1(g) (b(h)(s))
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Since 1 is a group homomorphism, we get

g-(h-s) =w(gh)(s) = (gh) -s O

Exercise 6.5.

1. Consider S = G. The map P: G x G — G defined by (g, h) — gh, is a group action. The
permutation representation induced by this group action is the map from G to Sg defined by
g — Tg4, where Ty is the translation map, defined by Ty(h) = gh. Moreover, the kernel of this
permutation representation is trivial, and hence is an injective group homomorphism from
G to Sg. Hence, G is isomorphic to a subgroup of Sg, which is precisely Cayley’s Theorem
(Theorem 2.12).

2. Again, consider S = G. The map V: G x G — G defined by (g, h) + ghg™' is also a group
action. The permutation induced by this group action is the map from G to Sg defined by
g — Yg where v, is the conjugation map, defined by y4(h) = ghg~'. The kernel of this
permutation is the set

{g € G|ghg ' =hforallh e G}

which is precisely the center of G, Z(G). By the First Isomorphism Theorem (Theorem 5.1),
we get
G/Z(G) = {yqlg e G}.

The group on the right is the group of inner automorphisms of G.

3. Let IF be a field. The group GL,(IF) acts on the n-dimensional vector space V := F" with the
group action naturally defined from GL,(FF) x V — V as

(A,u) — Au (the matrix product).

In the case that the field is IF,, the vector space V = IF? has precisely 4 vectors, given by

0 1 0 1
~N Y~ N
e1 ey e1tex

Now, consider S = {ej, e, e7 + ez} and consider G = GL,(IF) with the group action defined
as above. This group action gives rise to a permutation representation from G to S3 (since
S has three elements) defined by A — La, where L, is the linear map induced by A, defined
by La(u) = Au. The kernel of this permutation representation is trivial and hence, is an
injective group homomorphism. Moreover, since |GL,(IF,;)| = |S3| = 6, we must have that
this homomorphism is also onto, and hence an isomorphism. Thus, GL,(IF,) = S;.

§86.2. Orbits and Stabilisers

Definition 6.6. Let G be a group and let S be a set. Let -: G x S — S be a group action. For a fixed
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s € S, we define the orbit of s under this group action as

Os:={g-slgeG}.

Definition 6.7. Let G be a group and let Sbe aset. Let -: G X S — § be a group action. For a fixed
s € S, we define the stabiliser of s under this group action as

Gs:={geGlg-s=s}.

Note that O, C S and G < G.

Definition 6.8. Let G be a group and let S be a set. Let -: G X S — S be a group action. The group
is said to act transitively on S (via the action -) if Oy = S for all s € S. That is, for every pair
s,t € S xS, there exists g € G such thatg-s =t.

Proposition 6.9. Let G be a group and let S be a set. Let -: G x S — S be a group action. Define a
relation ~ on S defined by s ~ 8" if s’ = g - s for some g € G. Then, ~ is an equivalence relation. In
other words, s’ ~ s if s’ € Oj.

Proof. Note that s ~ s since s = 1-s, hence ~ is reflexive. If s ~ s/, then s’ = g - s for some g € G.
We then have
g'-s'=g'-gs=(g'g)-s=1-s=s5s = s~5
Hence, ~ is symmetric. If s ~ s’ and s’ ~ s”, we have thats’ = g-sand s” = h-s’ forsome g, h € G.
Now,
s"=h-s'=h-(g-s) =(hg)-s = s~s"since hg € G.

Hence, ~ is also transitive, and thus an equivalence relation. O

Corollary 6.10. Let G be a group and let S be a set. Let -: G X S — S be a group action. Then, S
can be written as a disjoint union of orbits.

Proof. This follows trivially from Proposition 6.9 and Proposition 0.9. O

Theorem 6.11 (Orbit-Stabiliser Formula). Let G be a group and let S be a set. Let -: G xS — S
be a group action. Let G/G; denote the set® of cosets of the stabiliser of an element s € S. Then,
¢@: G/Gs — Oy defined by

©(9Gs) ==g-s
is a bijection. In particular, |Os| = [G: G], where [G: G¢] :=|G/G;| is the index of G in G. In the
case that G is finite, we have [G: G] =|G| /|G-
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Proof. We first show that this map is well-defined by noting that

gGs =hGy; &= h'ge Gy &= (h'lg)-s=s « g-s=h-s.
Note that this also proves that ¢ is injective. @ is also trivially surjective, and hence a bijection. [
Proposition 6.12. Let G be a group and let Sbe aset. Let -: G x S — S be a group action. Lets € S
and g € G. Then, Gg.s = gGsg .
Proof. We have

he€Gygs &> h-(g-s)=g-'s & (g 'hg)-s=s & g 'hg€ G, & hegGg .

Corollary 6.13. Let G be a group and let S be a set. Let -: G x S — S be a group action. Then,

S|=3 [6:Gy]

Si

where the sum runs over one element s; from each orbit of S.

Definition 6.14. Let G be a group and let g € G. We define the centraliser of g as
Z(g):={h e G| gh=hg}.

Moreover, the centraliser Z(g) is a subgroup of G.

Definition 6.15. Let G be a group and let H be a subgroup of G. We define the normaliser of H as

N(H) :={g € G| gH =Hg}.

Proposition 6.16. Let G be a group and let H be a subgroup of G. Then, H < N(H) and N(H) is
the largest subgroup of G in which H is a normal subgroup.

Theorem 6.17. Let G be a finite group and let g € G. Let C(g) be the conjugacy class of g, and let
Z(g) be the centraliser of g. Then,

|G| =|C(g)|-1Z(9)|

8Note that in general G need not be a normal subgroup of G. However, we can still talk about its set of cosets.
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Proof. Consider G acting on G via conjugation. That is, consider the group action -: G x G — G,
defined by (h, g) — hgh™'. In this case, Oy is clearly the conjugacy class, C(g), of g, and Gy is the
centraliser, Z(g), of g. Applying the Orbit-Stabiliser Formula gives us the required result. O

Corollary 6.18. Let G be a finite group. Then,
Gl =2_IC(9)]
9

where the sum runs over one element from each conjugacy class of G.
Proof. This follows directly by applying Theorem 6.17 to Corollary 6.13. O

Corollary 6.19 (Class Equation). Let G be a group and let Z(G) be its center. Then,

1G] =|Z(G)|+ ) _ [G: Z(g)]
g

where the sum runs over one element from each conjugacy class that is not in the center.

Proof. The proof trivially follows from Corollary 6.18 once we note that each element of the center
Z(G) forms a conjugacy class containing only itself. O

Definition 6.20. Let G be a finite group and let p be a prime. G is called a p-group if |G| = p" for
somen € N*.

Theorem 6.21. If G is a p-group, then |Z(G)| > p. In particular, every p-group has a non-trivial
center.

Proof. By the Class Equation of G, we have

pr=1Z(G)[+ Y [G: Z(g)]

g

Note that in the sum to the right, each index is at least 2 (since the sum varies over only non-trivial
conjugacy classes). However, [G: Z(g)] must divide|G| = p™. It follows that each index is a power
of p, and hence,|Z(G)| is also a power of p. Hence, |Z(G)| > p. O

In the case that G is abelian, Z(G) is the entire group G. However, the above theorem is truly pow-
erful for non-abelian groups as it states that every non-abelian p-group has a non-trivial proper
normal subgroup, namely, its center.
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Theorem 6.22. Let G be a p-group and let |G| = p™. Then, there is a sequence of subgroups H;
such that|H;| = p* fori =1,...,n. Moreover,

1. 1<H; <...<H,, and
2. (Hy =)Hy/1,Ha/Hy, ..., Hy/Hy_; are all cyclic groups of order p.

Here, 1 represents the trivial subgroup of G.

Proof. We apply induction on n. If n = 1, the theorem is trivially true. Suppose the theorem holds
for groups of order p™ ! (n > 1). Let x € Z(G) and x # 1 (such an x exists since the center is

non-trivial, by Theorem 6.21). Moreover, |x| = p" where r < n (why?). We also have ’xpM ’ =p.

Define y := x*" ' and let H = (y). We have H < G. Now, consider the quotient group G/H, of
order p™~!. By the induction hypothesis, G/H has a sequence of subgroups as follows.

1 < H;/H < H3/HJS ... < H,/H=G/H.

By the Correspondence Theorem, we may conclude the result. O

Definition 6.23. A simple group is a non-trivial group that has no non-trivial normal subgroups.

Proposition 6.24. The alternating group As is simple.

Proof. We have|As| = 60. Let the elements

(1), (123),(12345), (12)(34)
~—— Y—m —— ~———

o T o9
be representative elements of the conjugacy classes in As. Clearly, |C(1)| = 1. By the Orbit-
Stabiliser Formula,

60
Now, the elements in the centraliser of ¢ in Aj are the powers9 of o, of which there are precisely
three - (1), 0, and o?. Thus, |C(c)| = 20. Similarly, |C(t)| = 12. Since the number of 5-cycles in A
is 24, there is another 5-cycle, say v, that lies outside of C(t) and has its own conjugacy class of
12 elements. That is,|C(y)| = 12. Elementary combinatorics shows that there are 15 permutations
having structure (12)(34). Moreover, all such elements lie in the same conjugacy class (why?). We
then have |C(«)| = 15, so that the class equation of As becomes

60 =1+12+12415+20.

Now, suppose As had a non-trivial normal subgroup, say H. Then, H must be a disjoint union of
conjugacy classes of A5 and must contain the identity (the center). Moreover, |H| must divide 60.
However, from the class equation, we can verify that no possible combination of conjugacy classes
along with the center has order that is a divisor of 60. Hence, As is a simple group. ]
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Remark 6.25. The simplicity of As is crucial in proving that there is a quintic polynomial that is
not solvable by radicals.

Lemma 6.26. Let n > 3. Any even permutation in S, can be written as a product of 3-cycles.

Proof. We leave the proof as an exercise to the reader. The proof should be fairly trivial after noting
the following identities.

(ab)(be)=(abc)and (ab)(cd) =(abc)(becd).

Theorem 6.27 (Galois). A, is simple for alln > 5.

Proof. Let n > 5. Suppose that there is a non-trivial normal subgroup of A, that is, there is
a normal subgroup N < A, such that N # (1) and N # A,. Recall that a fixed point of a
permutation is a point that is not ‘moved’ by the permutation. Among all the permutations in
An\ (1), pick a permutation o that has the maximum number of fixed points. We will show that o
must be a 3-cycle. First, we write o as a product of disjoint cycles.

O‘Z(CU Clk)(b1 ...bm)--'

Suppose k < m. Then, observe that ¢* is a nontrivial permutation in A, that has strictly more
tixed points than o, which is a contradiction. Similarly, k cannot be strictly greater than m, and
hence, by trichotomy, we conclude that k = m. Proceeding this way, we see that o has to de-
compose as a product of cycles of equal length, say m. Suppose m = 2. Then, o is a product of
transpositions. Since o is an even permutation, there must be an even number of transpositions in
the decomposition. Moreover, since ¢ is non-trivial, we must have at least one (and hence, at least
two) transpositions. Thus,
o= (ajaz)(azag) - - (az—7az)

with r > 2. Since n > 5, there exists a b # a;, az, a3, as. Let T = (a3 ag b). Define the commutator
of T with 0 as vy := to1 'o~'. Since 0 € N and N is normal, we conclude that y € N. The fixed
points of o are carried over toy. Thatis, o(j) =j = 7v(j) = j. Moreover, a; and a;, which were
not fixed points of o, have become fixed under y. Thus, y has strictly more fixed points than o,
which is a contradiction. Hence, m # 2 and m > 3.

We again consider the decomposition

where m is now at least 3. Suppose o is not a 3-cycle. Then, choose distinct 1, s # a1, az, a3 (this is
again possible since n > 5). Now, consider T = (a3 rs) € A, and the commutator y = tot o .
As before, we have y € N. We may again verify that y preserves the fixed points of o, and that

9Note that the two cycle (45) also permutes with o but it is an odd permutation, hence not an element of As.
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v(az2) = a,. Hence, vy has strictly more fixed points than o, which is a contradiction. Hence, o must
be a 3-cycle in which case it generates the entire group A, by Lemma 6.26, and N = A,. Thus, a
nontrivial subgroup N cannot exist, and hence A,, is simple for n > 5. O
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§7. Sylow Theorems

Theorem 7.1 (Cauchy’s Theorem). Let G be a finite group and let p be a prime. If p divides the
order of G, then G has a subgroup of order p.

Proof. Consider the set
S={(x1,...,%p) €GP | x1---xp=1}.

(0', (x1,...,xp)) — (xgm,...,xg(p))

for all o € Hand (x1,...,%p) € S. Notice that the orbit of the (1,...,1) is itself. Since S can be
written as a disjoint union of orbits, it follows that there is at least another orbit that has only
one element (this follows from divisibility considerations, since p divides |S|). Thus, there exists
a p-tuple (x1,...,%p) # (1,...,1) such that O((x1,...,%p)) = {(x1,...,xp)}. Since the orbit of
this tuple contains only itself, and since permutations in H cyclically permute the elements of the
tuple, it follows that each element of the tuple. That is, such an element of the form (x,...,x) for
some x € G with x # 1. Since (x,...,x) € S, it follows that xP = 1. It then follows that|x| = p, and
the cyclic subgroup (x) is a subgroup of G of order p. ]

Proposition 7.2. Let G be a finite group of order p™ where p is a prime and n € IN*. Then, there
are normal subgroups
M=Gy<Gi<...<G,=G

such that|G;| =p'and G; < G fori =0,...,n.

Proof. We prove this by induction on n. In the case that n = 1, we trivially have Gy = {1} and
G = G. Now, assume that n > 2 and that the result holds for n — 1. By Theorem 6.21, G has a
non-trivial center, and p divides |Z(G)|. By Cauchy’s Theorem, Z(G) has an element of order p,
say z. We define G; = (z). Clearly, |G| = p. Moreover, since G; < Z(G) and Z(G) < G, we
conclude that G; < G. Now, define H = G/G;. We have |H| = p™/p = p™~!. By the induction
hypothesis, H has normal subgroups

{1}:H0<H1<...<Hn,]:H

such that |H;i| = ptand Hi < Hfori =0,...,n—1. By the Correspondence Theorem, there
is a normal subgroup Gi1 of G such that Gi+1/G; = H; fori =0,...,n— 1. Moreover, |Gi;1| =
|Gq|-|H;i| =p**' fori=0,...,n—1. Wealso have that G; < Gi 1 by the Correspondence Theorem.
This concludes the proof. O

Definition 7.3. Let G be a group and let H < G be a subgroup. If|H| = p' for a prime p and some
positive integer i, then H is called a p-subgroup of G.



§7 Sylow Theorems 55

Definition 7.4. Let G be a finite group and |G| = p™m where p is a prime, n is a positive integer,
and gcd(p, m) = 1. A subgroup of G having order p" is called a Sylow p-subgroup of G. The set
of all Sylow p-subgroups of G is denoted as Syl (G). The number of Sylow p-subgroups of G is

denoted as n, := ‘SyllD (G) ‘

Theorem 7.5 (Sylow Theorems). Let G be a finite group and |G| = p™m where p is a prime, n is a
positive integer, and gcd(p, m) = 1. Then, the following are true.

1. G has subgroups of order ptfori=1,...,n. In particular, G has a Sylow p-subgroup, that
is,np, > 1.

2. Any p-subgroup of G is contained in a Sylow p-subgroup of G.
3. Any two Sylow p-subgroups of G are conjugates of each other.

4. n, =1 (modp)and n, [ m.

Proof.

1. When|G| = 1, the statement is trivially true. Now, assume that the statement is true for all
finite groups of order less than |G|. The class equation of G is

G| =|Z(G)|+ ) _[G: Z(g)]
g9

where the sum runs over one representative from each conjugacy class that is not the center.
Suppose that p 1 |Z(G)|. Since p divides |G|, there exists a g in the second sum such that
p t1G| /|Z(g)|. Since p™ divides the order of G, it follows that p™ divides |Z(g)|. Note that
Z(g) is not the whole group since g is not a central element. Hence, |Z(g)| < |G|. From the
induction hypothesis, it follows that Z(g) has subgroups of order p fori = 1,...,n and in
particular, a Sylow p-subgroup. Since Z(g) < G, this result extends to G as well. Now, if
p divides Z(G), then by Cauchy’s Theorem, there exists an element z € Z(G) of order p.
LetH = (z> Then, H < G. We leave the rest of the proof as an exercise to the reader. The
proof follows along similar lines as Proposition 7.2, by considering the quotient group G/H
(which has order strictly less than |G|), proving the result there and pulling it back to G by
the Correspondence Theorem.

2. LetH' < G and ‘H’ ‘ = p' for some 0 < i < n. We must show that H’ is contained in a Sylow
p-subgroup of G. Suppose H is a Sylow p-subgroup of G. Consider the set

S=G/H={gH|geG}.

We have|S| =|G| /|H| = m. Let H' act on S by translation, with action defined from H x S
to S as (h, gH) — hgH. We leave it to the reader to verify that this is indeed a group action.
Now, S is a disjoint union of H’-orbits and thus

S| =)0
h
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where the sum runs over one representative from each orbit. Note that each orbit must have
cardinality of the form p* for k = 0,..., 1, since|O|,, must divide|H|" which is p*. However,
|S| = mand p t+ m. We hence conclude that there is at least one orbit that has only one
element, that is, an orbit consisting of a single left coset, say gH. We thus have

hgH = gH forallh € H’
— g 'hg e H forallh € H’
= g_1H/g CH
— H' C gHg™"'
Since ‘gng) = p", gHg ! is also a Sylow p-subgroup of G. Hence, H' is contained in a

Sylow p-subgroup of G.

3. In the above, if |H|/ = p", then we clearly have H' = gHg~'. Hence, any two Sylow p-
subgroups are conjugates of each other.

4. As defined earlier, Sylp(G) denotes the set of all Sylow p-subgroups of G. G acts on Sylp (G)
by conjugation, with action from G X Sylp(G) to Sylp(G) defined as (g, H) — gHg™'. Since
every Sylow p-subgroup is a conjugate of a Sylow p-subgroup, there is only one orbit with
respect to this group action, and hence, the group G acts transitively on Syl (G). If Pis a

Sylow p-subgroup, then Syl (G) = {ng*1 lge G } By the Orbit-Stabiliser Formula,

G
‘Sylp(G)‘ — [G: Gp] :“P”.

Now,
Gr={9€GlgPg ' =P} =N(P).

Since N(P) contains P, |N(P)| > p™. Now, the orbit-stabiliser formula immediately tells us
that }Sylp(G)‘ =1, | m. Now, it remains to show thatn, =1 (mod p).

Now, we consider the Sylow p-subgroup, P, act on Syl _(G) with the same action as defined
as above. Now, P € Syl (G) and Op = {P}. Suppose Q € Syl (G), Q # P with Oq = {Q}.
Now,

Oq = {gng lg € P} ={0q} < 9Qg '=QforallgeP

Thus, P € N(Q), and thus P < N(Q). Moreover, Q < N(Q) by Proposition 6.16. By
Proposition 3.14, PQ < N(Q). Since Q < N(Q), we also have Q < PQ. By the Third
Isomorphism Theorem,

PQ . P PQ

s =#ro — ol
Thus, |PQ| = p**™, which implies that i = 0 and |PQ| = p". Since P < PQ and Q < PQ, and
|P| =|Q| =|PQ|, it follows that P = Q = PQ. The main conclusion is that when P acts on
Syl, (G), there is only one singleton orbit. All other orbits have cardinality p! for somei > 1.
Since Sylp (G) is a disjoint union of these orbits, we may write out the cardinality of Sylp (G)
(which is n,) as the sum of cardinalities of all disjoint orbits. Now, ‘modding’ out by p gives
usn, =1 (mod p). O

P

PAQ = p' for some i.
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§8. Classification of Groups

§88.1. Isomorphism Classes of Groups

We now classify all groups of order at most 13 using the Sylow theorems, along with some other
specific orders.

Proposition 8.1. Let p be a prime. Up to isomorphism, there is exactly one group of order p,
namely the cyclic group C,.

Proof. We leave the proof as an exercise to the reader. (Hint: Lagrange’s Theorem). O

Theorem 8.2. Let p be a prime. Up to isomorphism, there are only two groups of order p?, namely,
the cyclic group C,,2, and the group Cp, x Cy,.

Proof. Let |G| = p? and let Z(G) be the center of G. We first show that G must be abelian. By
Theorem 6.21, Z(G) is non-trivial. By Lagrange’s Theorem, Z(G) must have order p or P2 If Z(G)
has order p?, then Z(G) = G, so that G is abelian. If Z(G) has order p, then G/Z(G) has order p.
Hence, G/Z(G) is cyclic and hence abelian. However, this forces G to be abelian, in which case
Z(G) = G and |Z(G)| = p?, which is a contradiction. Hence, G is abelian.

Now, suppose there was an element of order p? in G. Then, G = Cp2. If not, then all elements
(except identity) have order p. Let x be one such element. Now, choose y ¢ (x). Both (x) and
(y) are normal subgroups of G, intersecting trivially. By Proposition 3.14, the cardinality of their
product matches the cardinality of G. Hence, G is the internal direct product of (x) and (y), both
of which are isomorphic to C,,. Theorem 3.13 now tells us that G = C,, x C,. O

Corollary 8.3. Up to isomorphism, there are only two groups of order 4, namely, the cyclic group
C4, and the Klein-four group V.

Proof. By Theorem 8.2, C4 and C; x C; are the only two groups of order 4. Since V is a group of
order 4, and V is not isomorphic to C4 (why?), we conclude that V = C; x C,. O

Proposition 8.4. Let G be a group of order mp™ where m > 1 and p is prime. If n, = 1, then G is
not simple.

Proof. Let H be the unique Sylow p-subgroup of G. H is clearly a proper non-trivial subgroup of G
since|H| =p™and 1 < p™ < mp™. Moreover, for any g € G, gHg ' is a Sylow p-subgroup of G by
the third Sylow theorem. By uniqueness, gng = H forall g € G, so that H is normal. Hence, G
is not simple. O
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Theorem 8.5. Up to isomorphism, there are only two groups of order 6, namely the cyclic group
of order 6, C¢, and the group of permutations Ss.

Proof. Let|G| = 6 = 2- 3. By the first Sylow theorem, G has a Sylow 2-subgroup, say H, and a
Sylow 3-subgroup, say K. We will let n, denote the number of Sylow 2-subgroups of G, and n3
denote the number of Sylow 3-subgroups of G. By the fourth Sylow theorem,

n=1(mod2)andn, |3 =— ny,=1or3.
ny=1(mod3)andn3 |2 — n3=1.

Hence, there is a unique Sylow 3-subgroup of G, which is K, that is a normal subgroup of G by
Proposition 8.4. If n; = 1, then H is also normal in G. Moreover, |H| =2 and H = C, and |[K| =3
and K = C3. Note that H and K are two normal subgroups of G that intersect only in identity. By
Proposition 3.14, we have

HIK 23

IHNK| e

Again, from Proposition 3.14, we know that HK < G. However, |HK| = |G| and hence HK = G.
Thus, G is an internal direct product of H and K. But H and K are the unique cyclic groups C;
and C3. Hence, G = C,C3. By Theorem 3.13, G = C; x C3. Now, since 2 and 3 are coprime, by
Proposition 3.3 and Example 3.2 in particular, we get that G = Cs.

[HK] =

Now, consider that n, = 3, that is, there are 3 Sylow 2-subgroups of G, say Hj, H, and Hs. Let
SyL,(G) = {Hj,H,, H3} and let G act on Syl,(G) by conjugation, with action defined from G x
SyL,(G) to Syl,(G) as

(g,H) — gHg ' forall g € G,H € Syl,(G).
For a fixed g € G, v4: Syl,(G) — Syl,(G) defined by v4(H) = gHg™' defines a permutation
of Syl,(G), a set with 3 elements. Now, construct the natural homomorphism ¢: G — S3 with
¢(g) =vg- Now,

ker @ = {g € G| gHig™! = H; forall H; € Sylz(G)} — N(H;) NN(Ha) N N(H;).
We leave it as an exercise to show that ker ¢ = {1}. Hence, ¢ is injective. Moreover, |G| =|S;| = 6.

Thus, ¢ is a bijection, and G = S3. O

Theorem 8.6. Let p, q be distinct primes with p < q and let p { ¢ — 1. Up to isomorphism, there’s
only one group of order pq, namely the cyclic group C,q.

Proof. Let|G| = pq. By the first Sylow theorem, G has a Sylow p-subgroup, say H, and a Sylow
g-subgroup, say K. By the fourth Sylow theorem,

ny=1(modp)andn,|q = n, =1(sinceptq—1).
ng=1l(modq)andng|[p = ng=1.



§8 Classification of Groups 59

Thus there is a unique Sylow p-subgroup, H, and a unique Sylow g-subgroup, K. By Proposi-
tion 8.4, H < G and K < G. Since they also intersect only in identity, by Proposition 3.14, we again
have

[H]-[K]
HK| = =
and HK < G. Since |HK| =|G|, we conclude that HK = G. Thus, G is an internal direct product of
Hand K. But H and K are the unique cyclic groups C, and Cq. Hence, G = C,Cy. By Theorem 3.13,
G = C, x C4. Since q and p are coprime, by Proposition 3.3, G = Cypq. O

Theorem 8.7. Up to isomorphism, there are only two groups of order 21, namely, the cyclic group

C21 and the group presented as <x,y Ix =y> =T, yx = x2y>.

Proof. Let|G| = 21 = 3 -7. By the first Sylow theorem, G has a Sylow 3-subgroup, say H, and a
Sylow 7-subgroup, say K. By the fourth Sylow theorem,

ny=1(mod3)andn3|7 = n3=1or7.
ny=1(mod7)andn; |3 = n;=1.

Thus, there is a unique Sylow 7-subgroup, K, of G. By similar reasoning as before, K < G. Again.
if n3 = 1, then there is only one Sylow 3-subgroup of G. By similar reasoning as before, we get
G = Cy; in this case.

Now let us assume n3 = 7 and let H be a Sylow 3-subgroup of G. Since K < G, it follows from
Proposition 3.14 that HK < G. Since H and K intersect only in identity, we get HK = G by similar
reasoning. Now, since |[H| = 3 and |K| = 7 are both prime, these are both isomorphic to cyclic
groups of corresponding orders. Thus, H = (y) and K = (x) where [y| = 3 and |x| = 7. Now, since
K < G, we have

1

yxy_] € K = yxy ' =x" for some i.

If i =1, then G becomes abelian. If G were abelian then for any two Sylow 3-subgroups H and
H',wehave gHg™' =H' — H=H, by commutativity. Hence, if G is abelian, there is a unique
Sylow 3-subgroup, but we have assumed n3 = 7. Hence, i # 1. Now,

P=x = yhy T =yl Yy = uxty

= (yxy =",

yxy -

Similarly, we have

vy =ylytxy Ay = yxty
i

= (yxy " =x".

Since y> = 1, we get x = X, Since x| = 7, we get i* = 1 (mod 7), which has as its solutions
i=1,2,4 (mod 7). Since i # 1, we conclude that i = 2 or 4. When i = 2, we get the presentation
we desired. We now show that the case i = 4 boils down to the same case as i = 2. In the case that

i =4,we have
yxy_] = yzxy_z B
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Note that y? is also a generator of H. Hence, replacing y? by y reduces the case i = 4 to the case
i=2

Note that we are not done with the proof since we have not yet proved that such a group exists!
Consider the group GL;(IF7), where [F7 is the finite field of 7 elements, namely Z;. Now consider

the elements
1 1 20
0 ]] and B = [ 0 ]]

It is easy to show that |A| = 7 and |B| = 3 in GL,(F;). We leave it as a simple computational
exercise to show that BA = A%B. O

A —

Theorem 8.8. Up to isomorphism, there are exactly five groups of order 12, namely
1. Cyp,
2. C; x Cg,
3. Ay,

4. Dyy, and

5

. <x,y |x* =13 =1;xy :y2x>.

Proof. Let|G| = 12 = 22 - 3. By the first Sylow theorem, G has a Sylow 2-subgroup, say H, and a
Sylow 3-subgroup, say K. Now, H has order 4, and hence, by Corollary 8.3, H is either the cyclic
group Cy, or the Klein-four group V. Of course, K = C3. Now, by the fourth Sylow theorem,

n,=1(mod2)andn, |3 = n, =1or3.
ny=1(mod3)andn3 |4 = n3=1or4.

We claim that one of H and K has to be normal in G. Suppose K is not normal in G. Then, there
are 4 Sylow-3 subgroups, say Kj, K3, K3, and K4. Moreover, each pair intersects only in identity.
Hence, we have

Since any of the Sylow 2-subgroups intersect with Sylow 3-subgroups only in identity, and since
|G| = 12, it follows that there must be exactly one Sylow 2-subgroup of G, which is normal by
reasoning as before. Hence, one of H and K will always be normal.

Case 1: Both H and K are normal in G. Of course, H and K intersect only in identity.

In this case, Proposition 3.14 tells us that G = HK since |[HK| = |G| and HK < G. Since both H and
K are normal, G is their internal direct product. By Theorem 3.13, G = H x K. Thus, we have the
following two possibilities.

1. GEC4XC4%C12.
2. G=2VXC3=Cx(CxC3=CyxCs.
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Case 2: H is normal in G, but K is not normal.

In this case, there are 4 Sylow 3-subgroups, all of which are conjugate to each other. Let Syl;(G) =
{K1, K3, K3, K4}. Suppose G acts on Syl;(G) by conjugation, with action defined as

(g,Ki) — gKig~' forall g € G,K; € Syl;(G).

This gives rise to a permutation representation ¢: G — S4, with ¢(g) = v4, where y4: Syl;(G) —
Syl;(G) is defined as
Yg(Ki) = gKigf1 forall g € G,K; € Syl;(G).

The kernel is given by

4
ker ¢ = {g €G] gKig_1 = K; for all i} = ﬂ N(Kj).

i=1

Note that since every K; is conjugate to every K;, the orbit of each K; is the entire set Syl;(G),
which has cardinality 4. The Orbit-Stabiliser Formula now gives us that|N(K;)| = 3 for all i. But,
Ki € N(K;) and |K;| = 3 for all i. Hence, N(K;) = K; for all i. Since K;’s intersect in identity. so
do N(Kj)’s. Thus, ker ¢ is identity and ¢ is injective. Since G has 8 elements of order 3 (2 from
each Sylow 3-subgroup), im ¢ has 8 3-cycles. However, there are exactly 8 3-cycles in the group
S4. Hence, im ¢ is a subgroup of S4 that contains all 3-cycles. Moreover, |im ¢| =|A4| = 12. Since
Ay is generated by 3-cycles, it follows that im ¢ = A4. Now, since ¢ is injective, G = im ¢, by
Proposition 2.11. Hence, G = A4.

Case 3: Kis normal in G, H is not normal in G, and H = C4.

Let H act on K via conjugation, with action defined as (h, k) — hkh! for all h € H, k € K. Now,
define yn: K — K with yu(k) = hkh™! for all h € H, k € K. Notice that vy}, cannot be the identity
map since that would force G to be abelian, which is a contradiction since H is not a normal
subgroup of G. Hence, there is only one other possibility for v, (why?). Suppose H = (x) and
K = (y). Now, vx(y) = y? since vy is not the identity map. Hence, y* = xyx ' = xy = y*x. As
before, we must show that there is indeed such a group. That is, we must find a group G which is
presented as

G:<x,y|x4:y3:1;xy:y2x>.

0 —1 w 0
X—[1 O]andY—[O w2]
2m

where w = exp <T> We leave it as a simple computational exercise to show that these two

Define

elements satisfy the give requirements.
Case 4: Kisnormal in G, His not normal in G,and H = V.

Suppose K = (y). That is, K = {1,y,y*}. Consider the set S = {y,y?} and let H act on S via
conjugation. We can restrict the action of H to the set S since the conjugate of y must be y or y?,
and likewise, the conjugate of y> must be y or y?. This is because conjugation preserves order
(Proposition 1.16). Now, the stabiliser of y, given by

Gy:{hEthth :y}
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can be easily shown to have order 2. Thus, there is a z € H such that zyz~' =y and z # 1, and
there is an x € H such that xyx~' = y?. Since H is abelian, we have xz = zx. Hence, we have the
following presentation for the group.

G= <X,y,z |Ix? =y} =2 =1;xz = zx,yz = zy,xy :y2x> .
We leave it as an exercise to show that the dihedral group D1 satisfies the above presentations. [

§§8.2. Simplicity of Groups

We now state some important results that allow us to classify several groups on the basis of their
simplicity.

Theorem 8.9. Any group with prime order is simple.

Proof. Let p be a prime number and let G be a group of order p. Let H be any subgroup of G. By
Lagrange’s Theorem, we have either|H| = 1 or|H| = p. In either case, H is a trivial subgroup of G.
Thus, G is simple and has no non-trivial normal subgroups. O

Proposition 8.10. A group G is simple abelian if and only if it is of prime order.

Theorem 8.11. Let p be a prime number and let n > 2 be an integer. Any group with order p™ is
not simple.

Proof. As G is a p-group, it has a non-trivial center, Z(G), by Theorem 6.21. If Z(G) # G, then Z(G)
is a proper non-trivial normal subgroup of G, and hence G is not simple. Now, assume Z(G) = G,
so that G is abelian. Let x € G with x # 1. We have |x| = p™ for some 1 < m < n. Define
y = xP™', so that ly| = p. Now, (y) is a proper non-trivial subgroup of G which is normal since
G is abelian. Hence, G is not simple. ]

Theorem 8.12. Let p be a prime number and let m be an integer with 1 < m < p. Any group with
order mp™ is not simple.

Proof. By the fourth Sylow theoremn,, = 1 (mod p) so thatn, = 1+ kp for some k € IN. However,
N, | mand since m < p, this forces k = 0. Thus, n, = 1 and there is exactly one Sylow p-subgroup
of G, say H. By similar reasoning as before, H is a normal subgroup of G. It is also non-trivial since
H| =p™and 1 < p™ < mp™. Hence, G is not simple. O

Theorem 8.13. Let p and q be distinct prime numbers. Any group with order p?q is not simple.
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Proof. Let G be a group of order p?q. We show that G is not simple.
Casel:p > q.

By the fourth Sylow theorem, n, | g and n, = 1 (mod p). The first condition gives usn, = 1 or
n, = ¢. Since ¢ < p, q # 1 (mod p). Thus, n, =1, and G is not simple.

Case2:p < q.

Again, by the fourth Sylow theorem, we have ng € {1,p,p2}. If ng = 1, we are done. As before,
ng # p since p < . Now, assume that nq = p?. Thus, there are exactly p? Sylow g-subgroups of
G. Moreover, each pair of Sylow g-subgroups intersects only in identity since each has order q, a
prime. Hence, these p? Sylow g-subgroups capture exactly p?(q — 1) non-identity elements of G.
Since the remaining p? elements (barring identity) cannot be part of any Sylow g-subgroup, and
since n, > 1, we conclude that these remaining p? elements form a unique Sylow p-subgroup of
G, giving us ny, = 1. Thus, G is not simple. O

Theorem 8.14. Let p, q, v be distinct prime numbers. Any group with order pqr is not simple.

Proof. We may assume without loss of generality that p < q < r. Let G be a group of order pqr.
If any of n,,ng or n, are 1, we know that G is not simple. Assume now that each of the above
is strictly greater than 1. Now, n, | pq. Since we have assumed n, > 1, and since p,q < 1, we
conclude that n, = pq. Thus, we have pq Sylow r-subgroups, that intersect pairwise in identity
(since each has prime order). Thus, the number of elements having order ris o, = pq(r—1). Now,
ng > land ng | pr gives us ng € {p,7,pr}. Since p < g, we conclude that nq # p and hence
ng > 1. Thus, oq > v(q —1). Similarly, o, > p(q —1).

Since o, 04, and o, are counting distinct non-identity elements of G, we have

|G| > or+0oq+o0p+12>pq(r—1)+7(q—1)+q(p—1)
= [G] > pgr+(r—1)(q—1) > pqr.
~—_————

>0

Thus, we arrive at a contradiction since|G| = pqr, which concludes the proof. O

Theorem 8.15. Let p be a prime and let n be an integer with n > 1. Any group with order
(p+1) - p™isnot simple.

Proof. Let G be a group with the given order. By the fourth Sylow theorem, we haven, | (p +1)
and n, = 1 (mod p). This givesusn, = 1orn, = p+1. If n, = 1, we are done. Now,
assume n, = p + 1. Thus, G has p + 1 Sylow p-subgroups, so that Sylp(G) ={P1,...,Ppi1}. Let
¢@: G — Sp41 be the natural homomorphism induced by the group action. By the third Sylow
theorem, G acts on Syl (G) transitively, and hence ker ¢ # G. Assume now that the kernel is
trivial, in which case ¢ is injective. Thus, [im¢@| = (p+ 1) -p™. Now, since im¢ < S,,; and
|Sp+1 | = (p+1)!, by Lagrange’s Theorem, we must have (p+1) -p™ | (p+1)! & p" | p! which
is a contradiction (why?), since n > 1. Hence, the kernel is a proper non-trivial subgroup of G.
Since kernels of all homomorphisms are normal, it follows that G is not simple. O
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The above theorems are able to classify most groups of order at most 200 on the basis of their
simplicity. For an exhaustive list, I urge the reader to refer to Aryaman’s website.


https://aryamanmaithani.github.io/alg/groups/simple/sieve/
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§9. Rings and Fields

§89.1. Definitions

Definition 9.1 (Ring). A ring is a set R together with two binary operations + and - (called addition
and multiplication) satisfying the following properties.

1. (R,+) is an abelian group with the identity element with respect to + denoted by 0.
2. Multiplication is associative, thatis, a-(b-c) = (a-b)-cforall a,b,c € R.

3. There is a multiplicative identity in R, denoted by 1, thatis, 31 € Rsuchthatl-a=a-1=a
forall a € R.

4. The distributive laws hold. That is,
a-(b+c)=a-b+a-c

(b+c)-a=b-a+c-a
forall a,b,c € R.

We henceforth forgo the use of - and denote multiplication simply by juxtaposition. Moreover, we
denote the additive inverse of a as —a.

Definition 9.2 (Pseudo-Ring). Let R be a set together with two binary operations + and - (called
addition and multiplication). If R satisfies only the ring axioms 1,2 and 4, we call R a pseudo-ring
or a non-unital ring or a rng (“ring” without “i”, the multiplicative identity).

Proposition 9.3. Let R be a ring. Then, the following is true.
1. )a=a0=0forall a € R.
2. (—a)b =a(—b) = —(ab) forall a,b € R.
3. (—a)(—b) =abforall a,b € R.
4

. The multiplicative identity, 1, is unique and —a = (—1)a.

Example 9.4. Some examples of rings:
1. Z,Q,R and C are all rings with respect to the usual addition and multiplication.
2. Forany n € N*, Z,, is a ring with respect to addition and multiplication modulo n.

3. Consider n € IN' and let M,,(IR) be the set of all n X n matrices with entries in R. M,,(R) is
a ring with respect to the usual addition and matrices.
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Definition 9.5 (Commutative Ring). A ring R is said to be commutative if ab = ba forall a,b € R.

Definition 9.6 (Zero Divisor). Let R be a ring. An element a € Ris called a zero divisor if there is
anon-zero b € R such that ab =0 or ba = 0.

Definition 9.7 (Unit). Let R be a ring. An element a € R is called a unit if there is some b € R such
that ab = ba = 1. The set of units in R is denoted as R*. We call b the'” multiplicative inverse of
a and denote itas a~' or 1/a.

Definition 9.8 (Irreducible Element). Let R be a commutative ring. An element f € R is said to be
irreducible if f is non-zero, non-unit in R and whenever f = gh for some g, h € R, either g is a unit
or h is a unit.

Definition 9.9 (Division Ring). Let R be a ring. R is called a division ring or a skew field if R* =

R\ {0}.

Remark 9.10. A division ring necessarily requires 1 # 0 since 1 =0 = R = {0}. In this case, 0 is
indeed a unit and R* = {0} # @ = R\ {0}.

Definition 9.11 (Field). A commutative division ring is called a field.

Proposition 9.12. A field has zero as the only zero divisor.

Definition 9.13 (Domain). A ring R with 1 # 0 is called a domain if it has no non-zero zero
divisors.

Definition 9.14 (Integral Domain). A commutative domain is called an integral domain.

Proposition 9.15. If R is an integral domain, then ab =ac = a=0orb=cforalla,b,c € R.

Proof. If ab = ac, then a(b —c) = 0. If a = 0, the result follows trivially. If a # 0, then a is also
not a zero divisor, since R is an integral domain. Hence, b —c = 0, giving us b = c. ]

10prove that it is unique.
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Proposition 9.16.
1. Every field is an integral domain.

2. Every finite integral domain is a field.

Proof.
1. This follows trivially from Proposition 9.12.
2. We give an outline of the proof. Suppose that the elements of the finite integral domain are
0,aj,...,a,. Fix some non-zero a;. Now, consider the set

{0ai, ayay, ..., anai}

From Proposition 9.15, it follows that each element of the above set is distinct. Hence, one of
them must be equal to 1, the multiplicative identity. Hence, for every non-zero a;, we have
a multiplicative inverse.

0
§89.2. Polynomial Rings

Definition 9.17 (Polynomial). Let R be a commutative ring and let x be an indeterminate. The
formal sum
anX™ + an X L ax 4 ag

withn > 0 and each a; € Ris called a polynomial in x with coefficients in R.

Definition 9.18 (Degree). Let f(x) be a polynomial in x with coefficients in R. The degree of f(x) is
defined as
deg f(x) := max {i €N |a; # O}

By convention, we define the degree of the zero polynomial (one which has all coefficients equal
to 0) as —oo.

We denote the set of all polynomials in x with coefficients in R as R[x]. We define the addition or
sum of two polynomials “componentwise”. That is,

(anX™ + an 1 X T+ ax 4+ ag) + (bax™ + by x4 .. 4+ bix + by)
= (an 4+ bp)X™ + (an_1 + b )X™ '+ ...+ (a3 + by)x + (ag + by)

For multiplication, we first define (ax')(bx)) = abx'*J for polynomials with only one non-zero
term. We then extend this to all polynomials using the distributive laws. That is,

(ap+ajx+ (12X2+...) . (bo—i-b]X—l-bzXz—l—...)
= (agbg) + (a1bg + apbi)x + (azbg + a;by + aobz)xz +...
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In general, the coefficient of x¥ in the product will be Zlf:o a;by_i.

Proposition 9.19. Let R be a commutative ring and let R[x] denote the set of all polynomials in x
with coefficients in R. Then, under the above defined addition and multiplication, R[x] forms a
commutative ring, called the ring of polynomials in x with coefficients in R.

The ring R itself appears in R[x] as the constant polynomials. The multiplicative identity in R[x] is the
constant polynomial T where 1 is the multiplicative identity in R. For example, Z[x] and Q[x] are
examples of such rings. The ring Z3[x] consists of polynomials in x where coefficients are either
0,1 or 2 and addition, multiplication is carried out modulo p. For example, if

p(x) =x%+2x+1and q(x) =x3+x+2
then

p(x) +q(x) =% +x
p(x) - q(x) =X+ 2+ 23+ xP+2x+2

Definition 9.20 (Power Series). Let R be a commutative ring and let x be an indeterminate. The
formal sum
ao—l—a]x—l—azxz—i-...

with each a; € Ris called a (formal)'! power series in x with coefficients in R.

Note that unlike a polynomial, a power series may have infinitely many terms. We can think of
both polynomials and power series as a sequence of coefficients. The sequence of coefficients in
a polynomial would have to be an eventually zero sequence (or a sequence with finite support),
whereas there is no such restriction on the sequence of coefficients for a power series. Moreover,
addition and multiplication of two formal power series follow the same pattern as the polynomi-
als.

Proposition 9.21. Let R be a commutative ring and let R[x] denote the set of all formal power
series in x with coefficients in R. Then, with addition and multiplication as in R[x], R[x] forms a
commutative ring, called the ring of formal power series in x with coefficients in R.

Unlike the polynomials, there are non-trivial (non-constant) units in the ring of power series. For
example, consider the ring Z[x] and consider f(x) = 1 —x. One may verify that the power series
gx)=T4+x+x*+...isa multiplicative inverse of f(x), i.e, f(x)g(x) = 1. In fact, the following is
true.

Proposition 9.22. Let R be a commutative ring and let f(x) = Y {°, a;x! be a formal power series
in R[x]. Then f(x) is a unit in R[x] if and only if ay is a unit in R.

Hthe term ‘formal’ signifies that we are only dealing with the ‘expression’ ag + ajx + ... but not actually evaluating
it, so we need not worry about convergence.
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Proof. Let f(x) be the formal power series Y ;°; aix' and suppose g(x) = 2520 b;x) be a formal
power series that is a multiplicative inverse of f(x). We then have

o k

f(x)g(x) = Z Z aibrq | X< =1
k=0 \ i=0

0

On comparing coefficients, we get apby = 1. If ap is not a unit in R then there does not exist any by
in R satisfying the above equation, and hence, such a g(x) does not exist and f(x) is not a unit in
R[x]. If ay is invertible in R, then we define by := a51. For k > 1, we have

K K
Z aiby_i =0 = agby = — Z aiby

i=0 i=1

Multiplying throughout by by, we get

K
by = —bo Z aibyq
i1

This allows us to solve for each coefficient b; by substituting k = 1,2,... sequentially. Thus, a
multiplicative inverse of f(x) exists in R[x] and hence f(x) is a unit in this ring. O

We now restrict ourselves to polynomials over fields.

Proposition 9.23 (Division Algorithm). Let FF be a field and let f(x), g(x) € F[x] with g(x) # 0.
Then, there are unique polynomials q(x), r(x) € FF[x] such that

f(x) = g(x)q(x) +r(x)

and degr(x) < deg g(x).

Proof. We first prove existence. If deg f(x) < deg g(x), then taking q(x) = 0 and r(x) = f(x) works.
Assume that deg f(x) > deg g(x). We can induct on n = degf(x). If n = 0, then degg(x) = 0,
since g(x) is non-zero. In this case, f(x), g(x) are constant polynomials. We take r(x) = 0 and
q(x) = f(x)/g(x). Here 1/g(x) represents the multiplicative inverse of g(x), which must exist
since g(x) is a non-zero constant polynomial and F is a field.

Now, suppose n > 0 and the result holds for polynomials of degree less than n. Suppose f(x) =
anX™ + an X T+ aix + agand g(x) = bpx™ 4+ b1 x™ T 4 ... + byx + by where aj, b; € F
with a, # 0 and by, # 0. Since by, # 0, it has a multiplicative inverse. Moreover, n > m by
assumption. Now, consider

an n—
f1(x) = f(x) —p x ™ g(x)
Then, f;(x) € F[x] and degf;(x) < n. By the induction hypothesis, there exist q;(x), T1(x) € F[x]
such that f1(x) = g(x)qi(x) +11(x) and deg r1(x) < m. Now, define

Qn xn—m

5 + q1(x) and r(x) := 1(x)

q(x) =
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Verify that these two polynomials satisfy the conditions of the proposition, proving existence.

To prove uniqueness, suppose there are §(x), ¥(x) € [F[x] also satisfying the above conditions. We
have

q(x)g(x) +1(x) = §(x)g(x) +T(x) = r(x) —F(x) = g(x) (q4(x) — q(x))

Observe that if q — § is non-zero, then the degree of the RHS is at least deg g(x) and, if r — ¥ is
non-zero, then the degree of the LHS is strictly less than deg g(x). Hence, equality holds only if
F(x) =r(x) and §(x) = q(x), proving uniqueness. O

Remark 9.24. The above result is also valid for an integral domain, provided the leading coeffi-
cient of g(x) is a unit.

Definition 9.25 (Root). Let R be a commutative ring and let f(x) € R[X]. An element o € R is said
to be a root of f(x) if f(e) = 0.

Theorem 9.26 (Remainder Theorem). Let K be an integral domain and let « € K, f(x) € K[x].
Then, the remainder upon dividing f(x) by (x — «) is f(«x).

Proof. Since the polynomial g(x) = (x — «) is monic, the Division Algorithm applies. Thus, there
exist unique q(x), r(x) € K[x] such that

f(x) = q(x)(x — o) +-71(x)
and degr(x) < 1. Hence, (x) is a constant polynomial, say r. Substituting x = «, we get

fla) =q(a)(x— ) +1 = f(ax) =71 O

Theorem 9.27 (Factor Theorem). Let K be an integral domain. Let x € K and let f(x) € K[x]. Then,
o is a root of f(x) if and only if (x — «) is a factor of f(x), that is, f(x) = (x — «)h(x) for some
h(x) € K[x].

Proof. If « is a root of f(x), then f(«) = 0. Hence, by the Remainder Theorem, the remainder upon
dividing f(x) by (x — o) is 0. Hence, f(x) = h(x)(x — «) for some h(x) € K[x].

Conversely, suppose that f(x) = (x — «)h(x). Then, the remainder upon diving f(x) by (x — «) is
0. Hence, by the Remainder Theorem, f(a) = 0 and o is a root of f(x). O

Corollary 9.28. Let K be an integral domain and let f(x) € K[x] be a non-zero polynomial of degree
n. Then, f(x) has at most n roots in K.

Proof. We leave the proof as an exercise to the reader. (Hint: induction). O
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Theorem 9.29 (Fundamental Theorem of Algebra - Version 1). Every non-zero polynomial f(x) &€
C[x] has a root in C.

Theorem 9.30 (Fundamental Theorem of Algebra - Version 2). For f(x) € C[x] of degree n # 0, we

can write
h

f(x) = aH(x— o)

i=1
forsome a € C, a #0, h > 0, distinct «y,...,n € Cand ey, ..., ey, € INT. In particular, e; is the
multiplicity of o as a root of f(x) and

Definition 9.31. Let R be a commutative ring. Given f(x), g(x) € R[x], we say that g(x) divides
f(x) and write g(x) | f(x) if f(x) = g(x)h(x) for some h(x) € R[x].

Definition 9.32 (Irreducible Polynomial). Let R be a commutative ring. A polynomial f(x) € R[x]
is said to be irreducible if f(x) is an irreducible element in R[x].

Proposition 9.33. Let R be an integral domain. (x — «) is irreducible in R[x] for any « € R.

Definition 9.34 (Nilpotent Element). Let R be a commutative ring. An element a € R is said to be
nilpotent if there exists n € IN* such that a™ = 0.

Proposition 9.35. Let R be a commutative ring and let a, b be nilpotent elements in R. Then,
1. a+ b is nilpotent.
2. ar =rais nilpotent for all r € R. In particular, —a is nilpotent.

3. If u € Ris a unit, then u— a is also a unit.
Proof. We leave the first part as an exercise to the reader (Hint: Binomial theorem). The second
part is also trivial. We now prove the third part.
Letn € IN* be such that a™ = 0. Suppose that u = 1. In this case, we have
IT=T—a"=(l—a)(a" "+a" % +...+a+1)

Thus 1 —a = u— a is a unit with multiplicative inverse (a™ '+ a2 +...4+ a+1). Now, in
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general, suppose u is a unit with uw = 1 and suppose a is nilpotent. We then have
(u—a) =u(l—wa)

Since a is nilpotent, wa is also nilpotent, by the second part. Thus, by the above argument, (1 —
wa) is a unit. Thus, (u— a) is a product of two units and is a unit itself. O

Theorem 9.36. Let R be a commutative ring and let f(x) = anx™+...+ ap € R[x]. f(x) is a unit in
R[x] if and only if ay is a unit in R and a; is nilpotent for each i > 0.

Proof. One direction is easy to show. We leave it as an exercise to show that if ag € Ris a unit then
the constant polynomial ay is a unit in R[x]. It is also trivial to show that a;x' is nilpotent in R[x] if
and only if a; is nilpotent. Thus, if a, is a unit and a; is nilpotent for each 1 > 0, the polynomial
f(x) = ap + ...+ anx™ is a unit in R[x] since it is the sum of a unit and nilpotent elements. O

Proposition 9.37. An integral domain has no nonzero nilpotent elements.

Corollary 9.38. Let R be an integral domain. Then, the group of units of R[x] is precisely the group
of constant polynomials in R[x] which are units in R.

Proof. The proof follows trivially from Theorem 9.36 and Proposition 9.37. ]

Proposition 9.39. Let IF be a field and f(x) € [F[x] have degree d such that 1 < d < 3. If f(x) has
no root in [F[x], then f(x) is irreducible in F[x].

Proof. Since degf(x) > 1, we see that f(x) is non-zero and non-unit in F[x] (Corollary 9.38).
Further, if f(x) = g(x)h(x) for some g(x), h(x) € F[x] and if both g(x), h(x) are non-units, then
degg(x) > 1 and degh(x) > 1. Since degf(x) < 3 and degg(x) + degh(x) = degf(x), we con-
clude that at least one of g(x) and h(x) must have degree 1. Hence, at least one of them has a
root in IF. However, this implies that f(x) has a root in IF, which is a contradiction. Hence, f(x) is
irreducible. O

This allows us to easily conclude that x? + 1 is irreducible in IR[x]. Note that Proposition 9.39 breaks
down for degree-4 polynomials. For example, consider the polynomial f(x) = x* +3x* +2 € R[x].
f(x) clearly does not have a root in R since a* + 3a24+2 > 2> 0forall a € R. However, we may
factorise f(x) as (x? + 1)(x? + 2), both of which are non-units.

Proposition 9.40. An odd-degree polynomial of degree greater than 1 in R[x] is reducible.

Proof. This follows from an elementary result in calculus which states that an odd-degree polyno-
mial has a root in R. Once we know that the polynomial has a root in IR, we may appeal to the
Factor Theorem, to conclude. We leave it to the reader to work out the details. ]
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Does the same work for Q[x]? That is, is an odd-degree polynomial in Q[x] of degree greater than
1 always reducible in Q[x]? (Hint: No).

Theorem 9.41 (Fundamental Theorem of Algebra - Version 3). Every non-zero polynomial in R[x]
can be factored as

f(x)=a-(x—oq) - (x—o00)-qi(x) - qs(x)
where a € R*, «y,..., % € R, not necessarily distinct, and q;(x), ..., qs(x) are monic, quadratic

polynomials in R[x] with negative discriminants. That is, qi(x) is of the form x? + bx 4 ¢ where
b,c € Rwithb?—4c <0, forallie{l,...,s}

Theorem 9.42 (Fundamental Theorem of Algebra - Version 4). The only monic, irreducible poly-
nomials in C[x] are (x — «) where « € C.

Theorem 9.43 (Fundamental Theorem of Algebra - Version 5). The only monic, irreducible poly-
nomials in R[x] are of the form (x — @) where € R, or of the form x> + bx + ¢ where b,c € R
with b? —4c < 0.

Theorem 9.44. Let IF be a field and f(x) be a nonzero polynomial in [F[x]. Then, f(x) can be factored
as

f(x) =a-pi(x)---pnlx)

where a € F*, h € N and p;(x), ..., pn(x) are monic irreducible polynomials in [F[x].

Proof. We leave the proof as an exercise to the reader. The proof follows along similar lines as the
proof for Theorem 0.20. O

Definition 9.45 (Greatest Common Divisor). Let R be an integral domain and let f(x), g(x) € R[x]
be such that f(x) and g(x) are not both zero. A polynomial h(x) € R[x] is said to be a greatest
common divisor or ged of f(x) and g(x) if the following hold.

1. h(x) | f(x) and h(x) | g(x).
2. If h(x) € R[x] is such that h(x) | f(x) and h(x) | g(x), then h(x) | h(x).

If f(x), g(x) are both zero, we define the zero polynomial as the gcd of f(x) and g(x). We denote
the ged of f(x) and g(x) as (f(x), g(x)).

Remark 9.46. Suppose R is an integral domain. If the gcd of f(x) and g(x) exists, then it is unique
up to multiplication by a unit in R[x].
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Lemma 9.47. If F is a field, then for any f(x), g(x) € F[x], (f (x), g(x)) exists and moreover, it can
be expressed as u(x)f(x) +v(x)g(x) for some u(x),v(x) € F[x].

Proof. We leave this as an exercise too. The proof follows along similar lines as Proposition 0.14.
O

Corollary 9.48. Let F be a field and p(x) € F[x] be irreducible. If p(x) | f(x)g(x) for some
f(x), g(x) € E[x], then p(x) | f(x) or p(x) | g(x).

Proof. Again, the proof follows along similar lines as Proposition 0.15 and Corollary 0.17. O

§§9.3. Subrings and Ideals

Definition 9.49 (Subring). Let S be a ring. A subset R of S is said to be a subring of S if R is a ring
with respect to addition and multiplication induced from S and R contains 1, the multiplicative
identity of S. In this case, we say that S is an overring or a ring extension of R.

Proposition 9.50. Let S be a ring and let R C R. R is a subring of S iff the following properties
hold.

1. 1R
2. Ris closed under addition and subtraction. Thatis,a,b € R =— a+b e Randa—b € R.
3. Ris closed under multiplication. Thatis, a,b € R = ab € R.

Definition 9.51 (Subfield). If K is a field and [ is a subring of K such that IF is also a field, then IF
is called a subfield of K. In this case, we say that K is an overfield or a field extension of IF.

Example 9.52.

1. Zis a subring of Q. Q is a subring of R. This also tells us that Z is a subring of R. In general,
if S is a subring of R and T is a subring of S, then T is also a subring of R. In other words, the
relation “is a subring of”, is transitive (we leave the proof as an exercise). In fact, the above
examples are also fields themselves. Hence, Z is a subfield of Q, Q is a subfield of R and so
on. Equivalently, Q is a field extension of Z, R is a field extension of Q and so on. Naturally,
the relation “is a subfield of”, is also transitive.

2. 27 is closed under addition and multiplication, however it has no multiplicative identity.
Hence, it is not a subring of Z.
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3. Z[J is a subring of C where Z[] is defined as
Z:={m+n|mneZ}.

ZJ is called the ring of Gaussian integers.

4. Q[v2]isa subring of R where QI[v/2] is defined as
QV2] = {r—i—sﬁ |1, s € Q}.

Itis, in fact, a field. Note that forr,s € Q, r+sv2 #£0 < (r,s) # (0,0) . For (r,s) # (0,0),
we leave it as an exercise to verify that

T—svV2
12 — 252

€ QlvV2

is a multiplicative inverse of v + sv/2. Thus, Q[v/2] is a subfield of R. One may also verify
that Q[v/2] is a field extension of Q.

Definition 9.53. Given rings R C S, and « € S, we define R[a] to be the smallest subring of S
containing « and R.

Given fields F C K, and « € K, we define [F(«) to be the smallest subfield of K containing « and
IF.

Similarly, given a set A C R (or A C [F), we can talk about R[A] (or IF(A)) to be the smallest ring
(or field) generated by A over R (or F).

Proposition 9.54. Let F C K be field and let A C K be a set. If A = @, then F(A) = [F. Assume
A #£Q.

Let
M:: {a]"'an|n€N,a],...,anGA}

be the set of all finite products of elements of A. Let
S:= {bo+b1m+1 +---4+bymy|n €N, my,..., m, € M, bg,by,..., b, € ]F}
be the set of all finite sums of elements of M. (These are polynomials in A with coefficients in IF).
Then,
F(A) = {? | s1,s2 € Sand s; # O}.
2

Proof. The case A = @ is trivial. Assume A # @. Let the set on the RHS of the last equation be Q.
Note that M is closed under products, and S is closed under sums and products both. Moreover,
S contains F as the constant polynomials. It is hence clear that Q is a subfield of K. Taking
denominator to be 1, we also see that S C Q, and thus Q contains FF as well. Since A C M C S, Q
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also contains A. Thus, [F(A) C Q.

On the other hand, note that M C F(A) since A C [F(A). Since F C F(A), we get S C F(A), so
that Q C F(A). (All these assertions follow from the relevant closure properties of IF(A), a field).
Thus, Q =F(A). O

Corollary 9.55. Let F C K be fields and let A C K be a set. If a € [F(A), then there exists a finite
set B C A, such that a € IF(B).

Proof. Let a € [F(A) and let M, S be as in Proposition 9.54. Then, a = s1/s; for some sy,s; € S.
Then, both s; and s; are polynomials in finitely many a; € A with coefficients in IF. Let B be the
set of those finitely many a;. Then, a € IF(B). O

Definition 9.56 (Ideal). A subset I of a ring R is called an ideal'? of R if

1. Iis an additive subgroup of R, or equivalently, 0 € Iand a,b € I = a—b € I (Theo-
rem 1.24).

2. a€landr€R = ra€landarel

Proposition 9.57. Let R be a commutative ring and let I be an ideal of R. Show that I # R <=
1 ¢ 1 &= Idoesnot contain any unit.

Proof. This follows trivially from the second condition and is left as an exercise. O

Motivated by Proposition 9.57, we sometimes call R the unit ideal of R and any ideal I different
from R is called a non-unit ideal of R.

Corollary 9.58. If FF is a field, then the only ideals of [F are the trivial or zero ideal {0}, and F itself.

Proof. This follows directly from Proposition 9.57 since every non-zero element in a field is a unit.
t

Definition 9.59. Let R be a commutative ring. Given any ay,...,an € R, the set
(ai,...,an) =={mai+...+man [ 11,..., 7 € R}

is an ideal of R called the ideal generated by ay, ..., a,. More generally, if A C R, then the set of
all finite R-linear combinations of elements in A, defined as

(A):={mai+...4man|7,...,tn €Ray,...,an € A,n € N}

12We sometimes call this a two-sided ideal since we require the set to be closed under both right multiplication and
left multiplication by elements in the ring. We may also define a right and left ideal, similarly.
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is an ideal of R called the ideal generated by A.'?

Definition 9.60 (Principal Ideal). An ideal I of a commutative ring R is called a principal ideal of
R if it can be generated by a single element in R, i.e, I = (a) for some a € R.

Example 9.61.

1. nZis anideal of Z for any n € Z. For n = 1, we get the unit ideal and for n = 0, we get the
trivial or zero ideal. Moreover, nZ and —nZ are the same ideal for any n € Z. Additionally,
one can prove that these are the only ideals of Z (Hint: Corollary 0.12). Note also that nZ is
the ideal generated by n. We hence conclude that all ideals of Z are principal.

2. Let FF be a field. For any f(x) € F[x], the set

(f(x)) = {f(x)g(x) | g(x) € FIx}

is an ideal of [F[x]. Are these the only ideals of F[x]? That is, if I is an ideal of [F[x] then is
I = (f(x)) for some f(x) € F[x]? The answer is again yes. In fact, the proof is also eerily
similar to the one for ideals of Z. This is not surprising since they both are a consequence of
the division algorithm, which holds true for both integers as well as polynomials. We again
leave the exact details of the proof as an exercise to the reader. If I was the zero ideal, then
taking f(x) to be the zero polynomial suffices. If I is a nonzero ideal, then one may consider
f(x) to be a nonzero polynomial in I such that deg f(x) is the least among the degrees of all
nonzero polynomials in I. One may then appeal to the division algorithm (Proposition 9.23)
to conclude that any polynomial h(x) will be a multiple of f(x). Thus, any ideal of F[x] is
principal, just like Z.

3. Consider the ring Z[x] and the ideal I = (2,x). We have
[ = {2f(x) +xg(x) | f(x), g(x) € Z[x]}

We would like to show that the ideal I is not principal. Suppose I is principal and I = (f(x))
for some f(x) € Z[x]. Since 2 € I, we have 2 = f(x)g(x) for some g(x) € Z[x]. Comparing
degrees, we get degf(x) + degg(x) = 0, which tells us that f(x), g(x) are both non-zero
constant polynomials whose product is 2. We hence conclude that f(x) = £1 or f(x) = 2.
If f(x) = +£1, then I = Z[x], which is a contradiction since 1 ¢ I (since 2 is not a unit in
ZIx]) but 1 € Z[x]. Thus, f(x) = £2 and I is the ideal generated by 2 (which is the same
as the ideal generated by —2). Now, x € I and hence x = 2h(x) for some h(x) € Z[x]. On
comparing degrees, we conclude that h(x) must be a linear polynomial, of the form ax + b
for some a,b € Z. Comparing the leading coefficients, we get 2a = 1 which is not possible
since, again, 2 is not a unit in Z. Thus, I is not principal.

SRR

Binstead of (aq, ..., an) or (A), it is also common to denote these ideals as (a1,...,an) or (A).

4. Consider the set
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R forms a commutative ring under the usual addition and multiplication of matrices. The

(g

forms a ring and is a subset of R. However, it does not form a subring of R since the multi-
plicative identity of R (I.7) is not present in the set S. The ring S has its own multiplicative
identity (put a = 1 in the definition above), which is different from the identity in R.
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§10. Ring Homomorphisms

Definition 10.1 (Ring Homomorphism). Let R and S be rings. A map ¢: R — S is called a ring
homomorphism if

1. ¢(a+b)=@(a)+ @(b) forall a,b € R.
2. @(ab) = @(a)e(b) forall a,b € R.
3. (1) =114

A field homomorphism is a ring homomorphism between fields.

Definition 10.2. Since any field homomorphism is injective (why?), we also call them embeddings.

Example 10.3.
1. Of course, for any ring R, the identity map of R is a ring homomorphism.

2. Let R be a commutative ring and let R’ be any overring of R, that is, R is a subring of R’. For
some « € R/, we define the map 7 : R[x] — R’ as follows

Tiw (f(x)) = f(e) for all f(x) € R[x].

We leave it as an easy exercise to the reader to show that 7ty is a homomorphism, called the
substitution homomorphism or the substitution map.

3. If Ris a subring of R, then the inclusion map ¢: R — R’ defined as
@(a)=aforalla € R

is a homomorphism.

4. Let R be a commutative ring and let M,(R) be the ring of n x n matrices with entries in R.
For a fixed invertible matrix P € M;,(R), the map, @p: M (R) — M;,(R) defined by

@p(A) = PAP™

is a homomorphism.

Proposition 10.4. Let ¢: R — S be a ring homomorphism. Then,
1. @(0) =0.
2. @(—1)=—¢(r) forallr € R.
3. Ifre R* thens € S* and o(r™ ") = (o(r)) .

4Note that a more suggestive way of writing this is ¢(1g) = Ts. For brevity, we drop the subscript and 1 will be
assumed to be the multiplicative identity of the appropriate ring.
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4. The image of R under ¢ is a subring of S, where the image is defined as

im¢ = {o(r) | r € R}

Proof. We have

Since 0 + 0 = 0, we have
For any a € R, we have
This gives us

Let r € R*. Then, r! exists. We have

oMo ) =) =0(1) =1
from which, the third part clearly follows. The proof of the fourth part is left as an exercise and
follows directly from the first three parts. O

Definition 10.5 (Kernel). Let ¢: R — S be a ring homomorphism. The kernel of ¢, denoted as
ker ¢ is defined as
ker ¢ :={a € R|¢(a) =0}

Note that the definition straightaway implies that O € ker ¢. Moreover, we have the following.

Proposition 10.6. If ¢: R — § is a ring homomorphism, then ker ¢ is an ideal of R.
Proof. Left as an exercise. O

Definition 10.7 (Quotient Ring). Let R be a ring and let I be an ideal of R. Then, I is an additive
subgroup of R and the quotient group

R/I:={r+I|reR}
is an abelian group with addition defined as
(a+0)+(b+I):=(a+b)+Iforalla,beR.
Moreover, R/1 is a ring where multiplication is defined' as
(a+D)(b+1I):=ab+1Iforall a,beR.

In fact, R/1is a ring with respect to addition and multiplication as defined above, with 1+ I as the
multiplicative identity in R/1.!® We call R/1 the quotient ring of I in R.
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Proposition 10.8. Let R be a ring and let I be an ideal of R. Let ¢: R — R/I be a map defined by
@(r)=r+Iforallr € R.

Then,
1. @ is a homomorphism,

2. kero =1

From Proposition 10.6 and Proposition 10.8, we see that any ideal is the kernel of some ring ho-
momorphism and that the kernel of any homomorphism is an ideal.

Definition 10.9 (Isomorphism). Let R, S be rings. A ring homomorphism ¢: R — S is called an
isomorphism if ¢ is a bijection. In this case, R and S are said to be isomorphic and we denote this
asR=S.

Exercise 10.10. Let R, S be rings and let ¢ : R — S be an isomorphism. Then,
1. ¢ 'isan isomorphism,
. T € Ris a unit if and only if ¢(r) is a unitin S,

. T € Ris a zero divisor if and only if ¢(r) is a zero divisor in S,

2

3

4. Ris commutative if and only if S is commutative,

5. Ris an integral domain if and only if S is an integral domain, and
6

. Ris afield if and only if S is a field.

Theorem 10.11 (Isomorphism Theorem for Rings). Let R, S be rings. If ¢: R — S is a homomor-
phism, then im ¢ = R/ ker ¢.

Proof. Verify that the map r 4 ker ¢ — ¢(r) defines an isomorphism. O

Definition 10.12 (Prime Ideal). Let R be a ring and let P be an ideal of R. P is called a prime ideal
of Rif P # Rand forall a,b € R,

abeP =— ac€PorbeP

160ne should check that this is indeed well-defined. Thatis,ifa+I=a’+landb+I1=b'+1, thenab+1=a'b/ + 1
16We leave it as an exercise to verify that R/1is indeed a ring.
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Definition 10.13 (Maximal Ideal). Let R be a ring and let M be an ideal of R. M is called a maximal
ideal of R if M # R and whenever ] is an ideal of R such that M C ], we have either ] = M or
J=R.

Example 10.14.

1. In the ring Z, the ideals (0) = {0} and pZ, where p is a prime, are prime ideals of Z, as is
proved trivially by Euclid’s Lemma (Corollary 0.17). In fact, these are the only prime ideals
of Z. Moreover, the ideals pZ are the only maximal ideals of Z.

2. Similarly, in the ring F[x] where F is a field, the only maximal ideals are ideals of the form
(f(x)) where f(x) is irreducible in F[x]. Further, these ideals, together with the zero ideal,
are the only prime ideals of [F[x]. In particular, F = C, we have two more versions of the
Fundamental Theorem of Algebra, as stated ahead,

Theorem 10.15 (Fundamental Theorem of Algebra - Version 6). The only maximal ideals in C[x]
are (x — «) where o € C.

Theorem 10.16 (Fundamental Theorem of Algebra - Version 7). The only maximal ideals in R[x]
are of the form (x — a) or (x*> +bx + ¢) where a,b,c € R and b, ¢ are such that b — 4c < 0.

Proposition 10.17. Let R be a commutative ring and let I be an ideal of R. Then,
1. Tis a prime ideal if and only if R/1 is an integral domain;

2. lis a maximal ideal if and only if R/ is a field.

Proof.

1. Suppose I is a prime ideal. Since I # R, R/I is not the trivial ring. Thus, 1 # 0 in the ring
R/I. We now show that if the product of two cosets of I is equal to I (the additive identity
of the ring R/I), then at least one of them must be equal to I. For a,b € R, if we have
(a+I)(b+1I) =1 thenab+I=1 = ab € L. Since I is a prime ideal, this means that either
a € Iorb € L. Thus, either a4+ 1 = 1or b+ 1 = I, proving that R/I is an integral domain.
The converse is straightforward as well and is left as an exercise.

2. Suppose I is a maximal ideal of R. Then, I # R and thus 1 # 0 in R/I. Now suppose that
a + I is a non-zero element of R/I for some a € R. Then, a ¢ I. Let ] be the ideal generated
by a and I. We have

J={ra+u|reRanduc I}

We leave it as an exercise to show that | is indeed an ideal. Notice that | contains I (take T to
be 0). Moreover, | # Isince a € J and a ¢ I. Thus, by the maximality of I, we must have
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that ] = R. In particular, we have that
1=ba+uforsomebec Randu e I.

This implies that
(a+D)(b+1)=ab+I=ba+I=T—u+1I

Since u € I, we get that
(a+ Db+ =1+1

and hence, b + I is a multiplicative inverse of a + I in R/I. Hence, R/1 is a field. We again
leave the converse as an exercise to the reader.

O]

Corollary 10.18. Let R be a commutative ring and let I be an ideal of R. If I is maximal, then I is
prime.

Proof. This follows from Proposition 10.17 since every field is an integral domain. O
Proposition 10.19. In a finite commutative ring, every prime ideal is maximal.
Proof. We leave the proof as an exercise. (Hint: Proposition 9.16 and Proposition 10.17) O

Exercise 10.20. Let R be a commutative ring and let I be an ideal of R. Show that there is an
inclusion-preserving'” bijection between ideals of R containing I and the set of ideals of R/I, which
is given by ] — J/I:= {a+1|a € J} where ] is an ideal of R containing I. Moreover, this corre-
spondence preserves primality and maximality.

Proposition 10.21. Let R be a ring and let I be an ideal of R such that I # R. Then, there exists a
maximal ideal M of R such that I C M.

Proof. Consider the set

F ={J|]Jisanideal of Rwith ] #Rand I C J}.

F is clearly non-empty since I € F. Further, suppose that {I,}, . is a chain in F, that is, a subset
of F such that for any «, 3 € A, either I C Ig or Ig C I,. Now, we define

] = U Iy.

xeAN

17Let ¢ be the bijection. By ‘inclusion-preserving’, we mean that if J; and ], are ideals containing I and if J; C 3,
then @(J1) C @(J2).
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We claim that | is an ideal of R (the proof is left as an exercise) and I C J. Moreover, ] # R, since
1€e] = 1€lx = Iy = Rforsome x € A, which is a contradiction. Thus ] € F and clearly,
I, C Jforall x € A. So, ] is an upper bound in F on the chain {I,}, .. Hence, by Zorn’s Lemma,
F has a maximal element with respect to inclusion, say M. Clearly, M has the desired properties.

O]

Proposition 10.22. Every subring of a field is an integral domain.

Proof. Left as an exercise. O

Interestingly, the converse of Proposition 10.22 is also true.
Proposition 10.23. Every integral domain is a subring of some field.

The simplest way to prove Proposition 10.23 is to construct the so-called field of fractions of the
integral domain. This is similar to the construction of Q from Z.

§§10.1. Construction of Field of Fractions of an Integral Domain

For the remainder, we let R denote an integral domain and let S := R x R* ={(a,b) | a,b € R, b #
0}
Definition 10.24. We define a relation ~ on S as follows:

(a,b) ~ (¢,d) & ad =bc.

Lemma 10.25. The relation ~ on S is an equivalence relation.

Proof. Given any (a,b) € S, we clearly have ab = ab = (a,b) ~ (a, b). Hence ~ is reflexive.
Suppose (a,b) ~ (c,d). Then,ad =bc = c¢b =ad = (c,d) ~ (a,b) and hence ~ is symmetric.
Suppose (a,b) ~ (c,d) and (c,d) ~ (e, f). Then, ad = bc and cf = de. Now,
ad =bc = adf = bcf
— adf =bde

= af =be (since d # 0 and R is an integral domain)
= (a,b) ~ (e f)

Hence, ~ is transitive. O
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Definition 10.26 (Field of Fractions). The field of fractions of an integral domain R, denoted as
Frac(R), is the collection of equivalence classes of the relation ~ on S. If (a,b) € S, we denote the
equivalence class of (a, b) with respect to ~ as . Thus,

Frac(R) := {1(31 | (a,b) € S}

We are yet to prove that the above construction is a field. First, we define the field operations on
this set and show that these are indeed well-defined.

Definition 10.27. We define addition and multiplication as follows. Given, ¢, § € Frac(R)

g+£_ad+bc
b d  bd
e
b d bd

Proposition 10.28. Addition in Frac(R) is well-defined. That is, if (a,b) ~ (d/,b’) and (c,d) ~
(c/,d’), then
(ad +bc,bd) ~ (a'd’ +b'c/,v'd).

Proposition 10.29. Multiplication in Frac(R) is well-defined. That is, if (a, b) ~ (a/,b’) and (c, d) ~
(c/,d’), then
(ac,bd) ~ (a’c/,b’d").

Theorem 10.30. The set Frac(R) along with addition and multiplication as defined above, forms a
field where

1. the additive identity is 9,
2. the additive inverse of § is 3*,

3. the multiplicative identity is %, and

b

4. for § # %, the multiplicative inverse of § is .

We leave the proofs of the above results as an instructive exercise.

The map ¢: R — Frac(R) defined by

@(a)z%foraeR

is an injective homomorphism, which we refer to as the natural inclusion map. Thus, R = im ¢,
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which is a subring of Frac(R). Thus, identifying R with im ¢, we may regard R to be a subring of
Frac(R), which is what we had wanted to show all along.

Theorem 10.31 (Universal Property). Let R be an integral domain and let R <% Frac(R) be the

natural inclusion map. If IF is a field such that there is an injective homomorphism R & F, then
there exists an injective homomorphism Frac(R) <% FF such that P=xo0q.

F
T
X

J
R — Frac(R)

Intuitively, the universal property states that if IF is any field that contains R as a subring, then the
tield FF also contains Frac(R). Thus, Frac(R) is the smallest field containing R as a subring.

Proof. We define x: Frac(R) — FF as

X (E) :=P(a)Pp(b) " for a,b € R,b #0.

Since 1 is injective and T is a field, the above map is well-defined.'® It is also straightforward to
check that x is a homomorphism. Now, it remains to show that x is injective. We have

X (“) —0 — plapp(b) ! =0

b
= P(a)=0 (since b # 0 and hence P (b)~" £ 0)
= a=0 (since 1 is injective)
— 2
5 =0

Hence, kerx is trivial and ¥ is indeed injective. Now, for any a € R, we have

xo ola) =x <) —pap()~ = pla) — xo@ =, 0

Corollary 10.32. If [F is any field such that there is an injective homomorphism R L F satisfying
the universal property, then IF and Frac(R) are isomorphic. Moreover, there exists an isomorphism
x: Frac(R) — F such that { = x o ¢.

Proof. Left as an exercise. This indicates that Frac(R) is unique up to isomorphism. O

180ne must also check that if & = &, thenx (&) =x (%:)
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Definition 10.33. Let R be an integral domain. The field Frac(R[x]) is called the field of rational
functions with coefficients in R and is denoted as R(x).

The field of rational functions R(x) consists of elements of the form % where p(x), q(x) € R[x]
and q(x) # 0.
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§11. Domains

For the remainder, we assume all rings to be commutative.

§8§11.1. Euclidean Domains

Definition 11.1. Let R be an integral domain. Any function N: R — IN with N(0) = 0 is called a
norm on R. If N(a) > 0 for a # 0, we call N a positive norm.

Observe that this definition of a norm is fairly weak, and hence any integral domain R possesses
several different norms.

Definition 11.2. An integral domain R is said to be a Euclidean domain (or possess a division
algorithm) if there is a norm N on R such that for any two elements a,b € R with b # 0, there exist
elements g, € R such that

a = gb+rwith r =0 or N(r) < N(b).

q is called the quotient and 7 is called the remainder of the division. Such a norm N is called a
Euclidean function.

In a Euclidean domain, we have the Euclidean algorithm, which allows us to write the following
by successive “divisions”.

a= qob+To
b=qito+17
To = (211 + 712

Th—2 = nTh-1 +Tn

Th—1 = (n+1Tn

where 1, is the last nonzero remainder. Such an r,, exists since N(b) > N(rg) > N(r7)... > N(r,)is
a decreasing sequence of non-negative integers if the remainders are nonzero, and such a sequence
cannot continue indefinitely. Note that there is no guarantee that these elements are unique.

Example 11.3.

1. Fields are trivial examples of Euclidean domains, that satisfy the defining conditions with
any norm. This is because for all elements a, b with b # 0, we have

a=qgb+0

where g = ab™".

2. The integers, Z, form a Euclidean domain with norm given by N(a) = a, the usual absolute
value, for all a € Z. Of course, a division algorithm does exist for the integers, as we have
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seen before (Proposition 0.11). Note however that if a is not a multiple of b, we have two
possible pairs of quotient and remainder. For example, we have

5=2-24+Tand5=3-2—-1.

If however we restrict the remainder to be non-negative, this factorisation is unique.

Definition 11.4. Let FF be a field. A discrete valuation on F is a function v: F* — Z satisfying the
following.

1. v(ab) = v(a) + v(b), i.e, v is a homomorphism from the multiplicative group of units of F
to the additive group Z.

2. vis surjective.

3. v(x+y) > min {v(x),v(y)} forall x,y € F* with x +y # 0.

Definition 11.5. Let v be a discrete valuation on a field IF. The set {x e F*|v(x) > 0} U {0} forms
a subring of IF called the valuation ring of v.

Proposition 11.6. Let v be a discrete valuation on a field F. Then,
1. v(1) =0,and
2. v(b~") = —v(b) forall b € F*.

Proof. We leave the proof as an exercise to the reader. These properties follow directly from the
definition. ]

Definition 11.7. An integral domain R is called a discrete valuation ring if there exists a discrete
valuation v on Frac(R) such that R is the valuation ring of v.

Proposition 11.8. A discrete valuation ring is a Euclidean domain.

Proof. Let R be a discrete valuation ring. We define the norm on R to be N(0) = 0 and N = v on
non-zero elements of R. Now, for a,b € R with b # 0, we have that

1. if N(a) < N(b), then a = 0b + a, and
2. if N(a) > N(b), then we have q = ab~! € R, since

v(q) = v(ab™') = v(a) — v(b)

5.v(q) >0 = q€R
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We then have a = qb + 0. O

Proposition 11.9. Every ideal in a Euclidean domain is principal. More precisely, if I is a nonzero
ideal in a Euclidean domain R, then I = (d), where d is any nonzero element of I of minimum
norm.

Proof. If 1 is the zero ideal, we are done. Else, let d be an element of I of minimum norm. Such an
element exists since the set {N(a) | a € I} has a minimum element by the well-ordering property
(Remark 0.4). Clearly, (d) C I since d is an element of I. Suppose a € I. Since R is a Euclidean
domain applying the division algorithm allows us to write a = qd +r with r = 0 or N(r) < N(d).
Then, r = a — qd. Since d € I, we have qd € I. Now, since a € [ and qd € I, we have thatr € .
By the minimality of norm of d, we must have r = 0, givingus a = qd = a € (d). Hence,
I=(d). 0

Example 11.10. Let R = Z[x]. Since (2,x) is not a principal ideal of Z[x] (why?), it follows that
Z[x] is not a Euclidean domain.

Proposition 11.11. Let R be a commutative ring and let a,b € R. If I = (a, b), then d is a gcd of a
and b if

1. Iis contained in the principal ideal (d), and

2. if (d) is any principal ideal containing I, then (d) C (d’).

Proposition 11.12. If a and b are nonzero elements of a commutative ring R such that the ideal
generated by a and b is a principal ideal (d), then d is a gcd of a and b.

Definition 11.13. An integral domain in which every ideal generated by two elements is principal
is called a Bézout domain.

Exercise 11.14. In a Bézout domain, every finitely generated ideal is principal.

Proposition 11.15. Let R be an integral domain. If for two elements d, d’ € R, we have (d) = (d'),
then d’ = ud for some unit u. In particular, if d and d’ are both greatest common divisors of two
elements, then d’ = ud for some unit u.

Proof. The proof is trivial if either of d or d’ is zero, so we may assume that both d and d’ are non-
zero. Since d € (d’), we have d = xd’ for some x € R. Similarly, since d’ € (d), we have d’' = yd
for somey € R. Thus, d = xyd and d(1 —xy) = 0. Since d # 0 and R is an integral domain, it
follows that xy = 1. That is, both x and y are units in R. This proves the first part. The second
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part follows trivially since any two greatest common divisors of two elements generate the same
principal ideal. O

Theorem 11.16. Let R be an integral domain and let a and b be two non-zero elements of R. Let
d =, be the last non-zero remainder in the Euclidean algorithm for a and b. Then,

1. dis a greatest common divisor of a and b, and

2. the principal ideal (d) is the ideal generated by a and b. In particular, d can be written as an
R-linear combination of a and b, that is, there exist elements x,y € R such that

d = ax + by.

One we may regard the last statement of the above theorem as an extension of Bézout’s Lemma.

Proof. Since the ideal generated by a and b is principal, a and b do have a gcd, namely, any
element which generates the principal ideal (a,b). Both parts of the theorem follow once we
show that d = 1, generates the said ideal. To do so, we will show that

1. dlaand d | b, so that (a,b) C (d), and
2. dis an R-linear combination of a and b, so that (d) C (a,b).

It is easy to show via induction that d indeed divides a and b (keep track of the divisibilities in the
Euclidean algorithm). To prove the second part, we may again proceed inductively to show that
™ € (a,b). More specifically, we have that ty € (a, b). Assuming r_1, Tk € (a,b), we have

Tkl = Tk—1 — Qir17k € (11, k) € (a, b).

Hence, by induction, m, € (a, b), which completes the proof. O

Aside. The above discussion gives an interesting perspective on the existence of a solution
in the integers to the first-order Diophantine equation, given by

ax+by =N

where a,b, N € Z. Observe that the existence of a solution (x,y) to the above equation is just
another way of saying that N € (a, b). By the above theorem, this is the same as saying that
N € (d) where d = gcd(a, b). Hence, the equation ax + by = N is solvable in integers x and
y if and only if N is divisible by gcd(a, b). Moreover, let (xo, yo) be a solution of the above
equation. Then, the complete set of solutions to the equation is given by

a
X_Xo—i_m.igcd(a,b)

—_ —m- b -
Y ="Yo gcd(a, b)

where m varies over Z.
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We end this discussion with another useful notion that is sometimes used to prove that a given
integral domain is not a Euclidean domain. For any integral domain R, we define R := R* U {0}.

Definition 11.17. Let R be an integral domain. An element u € R\ R is called a universal side
divisor if for every x € R, there is some z € R such that u divides x — z. That is, every x € R canbe
written as x = qu + z where z is either zero or a unit.

Proposition 11.18. Let R be an integral domain that is not a field. If R is a Euclidean domain, then
there are universal side divisors in R.

Proof. Suppose R is a Euclidean domain with some norm N, and let u be an element of R\ R (this
is nonempty since R is not a field) of minimal norm. For any x € R, write x = qu + 1, where either
v =0, or N(r) < N(u). In either case, the minimality of N(u) implies that r € R. Hence, u is a
universal side divisor of R. O

§§11.2. Principal Ideal Domains

Definition 11.19. A principal ideal domain (PID) is an integral domain in which every ideal is
principal.

An immediate consequence of the above definition is the following.

Corollary 11.20. Every Euclidean domain is a principal ideal domain.

Example 11.21.
1. We have seen in Example 9.61, that Z is a principal ideal domain.

2. Example 11.10 tells us that Z[x] is not a principal ideal domain.

Proposition 11.22. Every nonzero prime ideal in a principal ideal domain is a maximal ideal.

Proof. Let (p) be a prime ideal in a principal ideal domain R, and let I = (m) be an ideal containing
(p). We must show that I = (p) or I = R. Since p € (m), we must have p = rm for some r € R.
Since (p) is a prime ideal and rm € (p), we must have r € (p) or m € (p). If m € (p), then
(p) = (m) = I, and we are done. Suppose otherwise that r € (p). Then, r = ps for some s € R.
Now, we have rm = psm = p and hence sm = 1, since R is an integral domain. Thus, m is a unit
and hence I =R. O]

Corollary 11.23. If the polynomial ring R[x] is a principal ideal domain, then R is a field.
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Proof. Assume that R[x] is a principal ideal domain. Since R is a subring of R[x], R is an integral
domain. Define {: R[x] — R by

Y (f(x)) = £(0) for all f(x) € R[x].

We leave it as an exercise to verify that 1 is a homomorphism. By the Isomorphism Theorem for
Rings, R[x]/ ker is isomorphic to R. We may show that keri} = (x) and hence, R[x]/(x) = R.
Thus, R[x]/(x) is an integral domain. By Proposition 10.17, (x) is a non-zero prime ideal. By
Proposition 11.22, (x) is also maximal. Again, Proposition 10.17 tells us that R[x]/(x) is a field,
and hence R is a field. O

Definition 11.24. A norm N on an integral domain R is called a Dedekind-Hasse norm if N is a
positive norm, and for every non-zero a,b € R, either a € (b), or there is a nonzero element in
(a,b) with norm strictly lesser than N(b). That is, either b divides a in R, or there exist s,t € R
with 0 < N(sa—tb) < N(b).

Notice that the R is a Euclidean domain with respect to a positive norm N if it is always possible to
satisfy the Dedekind-Hasse condition with s = 1. Thus, the Dedekind-Hasse condition is a weak-
ening of the Euclidean condition, and we may think of a Dedekind-Hasse norm as a generalisation
of a Euclidean function.

Proposition 11.25. An integral domain R is a principal ideal domain if and only if R has a
Dedekind-Hasse norm.

Proof. Let I be a nonzero ideal in R and let b be a nonzero element of I, chosen such that N(b) is
minimal (again, such a b exists by the Well-Ordering Property). Suppose a is a nonzero element
in I, so that (a,b) C L. Let N be a Dedekind-Hasse norm on R. We must have that either b divides
a, or that there exist s,t € Rsuch that 0 < N(sa—tb) < N(b). Since N(b) is minimal, we conclude
that a € (b). Thus, I is principal and R is a principal ideal domain. We shall prove the converse in
a later section. O

§§11.3. Unique Factorisation Domains

So far, we have computed the gcd of two elements algorithmically. However, Proposition 0.22
shows us that for elements in Z, we may calculate the gcd of two numbers using their prime
factorisations. This idea generalises to a large class of rings, as we now show. We first recall the
definition of an irreducible element. We restrict ourselves to integral domains for the following
discussion.

Definition 11.26. Let R be an integral domain. An element f € R is said to be irreducible if f is
non-zero, non-unit in R, and whenever f = gh for some g, h € R, at least one of g and h is a unit.

Definition 11.27. Let R be an integral domain. An element p € R is said to be prime if p is non-
zero, and the ideal (p) is a prime ideal. In other words, a non-zero element p is a prime if it is not
a unit, and whenever p | ab for a,b € R, then eitherp | aorp | b.
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Definition 11.28. Let R be an integral domain. Two elements a,b € R are said to be associate if
a = ub for some unit u € R*.

Proposition 11.29. In an integral domain, every prime element is irreducible.

Proof. Let p be a prime, so that (p) is a nonzero prime ideal. Suppose p = ab for some a,b € R, so
that ab = p € (p). Since (p) is a prime ideal, one of a or b must be in (p). Assume without loss of
generality that a € (p), so that a = pr for some r € R. Now, p = ab = prb = rb = 1. Thus, b is
a unit and p is irreducible. O

Proposition 11.30. In a principal ideal domain, an element is prime iff it is irreducible.

Proof. Proposition 11.29 already shows us that prime implies irreducible. Hence it suffices to show
that in a principal ideal domain, an irreducible element is prime. Let M be any ideal containing
(p). Since R is a principal ideal domain, M = (m) for some m € R. Since p € (m), p = rm for
some 1 € R. Now, since p is irreducible, one of r or m must be a unit. Thus, either (p) = (m) or
(m) = R. Thus, the only ideals containing (p) are (p) itself, and R. Hence, (p) is maximal ideal.
By Corollary 10.18, (p) is a prime ideal, and hence p is prime. ]

Definition 11.31. A unique factorisation domain (UFD) is an integral domain R in which every
non-zero, non-unit element r € R has the following properties.

1. 7 can be written as a finite product of irreducibles (not necessarily distinct): v = py - - - pn.

2. The decomposition is above is unique up to associates. That is, if r = q; - - - qm is another
factorisation of r into irreducibles, then n = m, and there is some permutation o such that
p; is associate to o(q;) fori=1,...,n.

As a trivial example, observe that any field is vacuously a unique factorisation domain since there
are no non-zero non-unit elements.

Proposition 11.32. In a unique factorisation domain, an element is prime iff it is irreducible.

Proof. As before, Proposition 11.29 already shows us that prime implies irreducible. We now show
that in a unique factorisation domain, an irreducible element is prime. Let p be an irreducible
element and suppose p | ab for some a,b € R. Thus, ab = pc for some ¢ € R. Writing a,b,c as
their irreducible decompositions, and from the uniqueness of this decomposition, we see that p
must be associate to one of the irreducibles on the LHS. Without loss of generality, assume that p
is associate to one of the irreducibles in the decomposition of a, so that a = (up)p; - - - pn for some
unit u € R* and some (possibly empty) set of irreducibles p,,...,pn. Thus, p | a since a = pd
with d = up; - - - pn. This completes the proof. O
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We may now use the terms prime and irreducible interchangeably. This allows us to talk about
‘prime factorisations’, which is just the decomposition of nonzero elements into irreducibles or
primes.

Proposition 11.33. Let a and b be two nonzero elements of a unique factorisation domain R and
suppose

(3] e
a=up; ---p"

f1 f
b=vp'---p

where u and v are units, the primes py, ..., pn are distinct, and the exponents e; and f; are non-

negative. Then, the element
d— min(eq,f1) min(en,fn)

1 n

isa gcd of aand b.

Proof. Since the exponents of each of the primes occurring in d are no larger than the exponents
occurring in the prime factorisations of a and b, it follows that d is a common divisor of a and b.
We leave it as an exercise to show that if ¢ is a common divisor of a and b, then c | d. O

Theorem 11.34. Every principal ideal domain is a unique factorisation domain.

Proof. Let R be a principal ideal domain and let r € R be non-zero and non-unit. We must show
that r can be written as a finite product of irreducibles in R, and that this decomposition is unique
up to units. We first prove that such a decomposition indeed exists.

If r is itself reducible, then we are done. If not, then r = 11, where 11, 5 are both non-unit. If both
these elements are irreducible then again we are done. If not, at least one element, say 1, can be
written as a product of two non-unit elements, r; = 111712, and so forth. We must verify that this
process terminates, that is, we must necessarily reach a point where all factors of r are irreducible.
If this is not the case, we obtain an infinite ascending chain of ideals, as follows.

(ry C(r;) C(rn)C...CR

where all inclusions are proper. Moreover, such an infinite chain exists thanks to the Axiom of
Choice. We now show that such an ascending chain of ideals I; € I, € ... C R eventually
becomes stationary. That is, there is some positive integer n such that Iy = I, for all k > n. This
means that it is not possible to have an infinite ascending chain of ideals where all containments
are proper. Let I := U, I;. It is easy to show that I is an ideal of R. Since R is a principal ideal
domain, I = (a) for some a € R. Since a € I, we must have a € I, for some n. We then have
I, CI=(a) C I, sothat I = I,, and the chain becomes stationary at I,. This proves that every
non-zero, non-unit element in R has a finite decomposition into irreducibles.

We now show that this decomposition is unique up to units. We induct on the number, n, of
irreducible factors in some factorisation of the element r € R. If n = 0, then r is a unit and the
factorisation is trivially unique since if r = qc for some irreducible q, then q divides a unit, which



§11 Domains 96

is a contradiction. Suppose now that n > 1 and we have that

r:p]...pn:q]...qm mZn

where p; and g; are (not necessarily distinct) irreducibles. Since p; divides the product on the
right, it must divide one of the factors. Without loss of generality, suppose p; divides q; so that
q1 = piu for some u € R. Since q; is irreducible, u is a unit and thus p; and q; are associates.
Since we are operating in an integral domain, we may ‘cancel’ p; to get

P2 Pn=UQ2: qm=qy-qm MmN

where q5, = uq is also irreducible. By induction on n, we may conclude that up to associates,
each factor on the left matches bijectively with factor on the right. Since we have already shown
that py and q; are associates, we are done. O

Corollary 11.35. Every Euclidean domain is a unique factorisation domain.

Proof. This follows straight from Theorem 11.34 and Corollary 11.20. O

Corollary 11.36 (Fundamental Theorem of Arithmetic). The integers Z form a unique factorisation
domain.

Proof. This is trivial since Z is a Euclidean domain. O

Proposition 11.37. Let R be a principal ideal domain. Then, there exists a multiplicative Dedekind-
Hasse norm on R.

Proof. 1f R is a principal ideal domain, then R is a unique factorisation domain. Define the norm
N by setting N(0) = 0, N(u) = 1 if uis a unit, and N(a) = 2" if a = p; - - - pn, where p;’s are irre-
ducibles in R. This is well-defined since the number of irreducible factors of a is unique. Clearly,
N(ab) = N(a)N(b), so that N is positive and multiplicative. Suppose a, b are nonzero elements
in R. Since R is a principal ideal domain, we have (a,b) = (r) for some r € R. If b divides a in R
then we are done. If b does not divide q, that is, a ¢ (b), and hence r ¢ (b). However, b = xr for
some x € R, and thus x is not a unit in R. We then have that N(b) = N(x)N(r) > N(r), proving
that there is an element in (a, b) with norm strictly smaller than N(b). Hence, N is a multiplicative
Dedekind-Hasse norm on R. O
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§12. Polynomial Rings

§812.1. Definitions

For this section, whenever we talk about rings, we assume commutative rings. Recall that the
polynomial ring R[x] in the indeterminate x with coefficients in the ring R is defined as the set of
all formal sums anx™ +...ap withn > 0 and each a; € R. If a, # 0, then a,x" is the leading
term, a, is the leading coefficient, and the degree of the polynomial is n. We define the leading
coefficient of the zero polynomial as zero. If a, = 1, we call the polynomial monic. With addition
and multiplication of polynomials defined the usual way, R[x] is a commutative ring that borrows
its identity from R itself. Moreover, we identify R with the subring of constant polynomials. We
now state, without proof, a proposition that summarises a bunch of results from Section 9.2.

Proposition 12.1. Let R be an integral domain. Then,
1. deg(p(x)q(x)) = degp(x) + deg q(x) for all p(x), q(x) € R[x],
2. the units of R[x] are just the units of R, and

3. R[x] is an integral domain.

Recall also that if R is an integral domain, then we denote by R(x), the field of fractions of R[x] (the

field of rational functions in x with coefficients in R), which consists of all quotients of the form

% where p(x), q(x) € R[x] and q(x) is non-zero.

Proposition 12.2. Let I be an ideal of the ring R and let (I) = I[x] denote the ideal of R[x] generated
by I (the set of polynomials with coefficients in I). Then,

R[x]/(T) = (R/D)[x].

In particular, if I is a prime ideal of R, then (I) is a prime ideal of R[x].

Proof. We have a natural map ¢: R[x] — (R/I)[x] obtained by reducing each coefficient of a poly-
nomial in R[x] modulo I. Moreover, ¢ is a ring homomorphism. Observe that ker ¢ = I[x] = (I)
and thus, R[x]/(I) = (R/I)[x] by Theorem 10.11, proving the first part. If I is a prime ideal of R,
then R/I is an integral domain by Proposition 10.17, and hence, by Proposition 12.1, (R/I)[x] is
an integral domain. Once again, by Proposition 10.17, we conclude that (I) is a prime ideal of
R[x]. O

Definition 12.3. The polynomial ring in variables x;,...,x, with coefficients in R, denoted as
R[x1,...,xn] is defined inductively as

R[x1, ..., xn] :==R[x1, ..., xn1][xnl.

A more concrete formulation of this idea is as follows.
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Definition 12.4. A polynomial in n variables Xy, ..., xn, with coefficients in a commutative ring R
is an expression of the form
d d
Zad] ..... an]]"'Xnn

where the summation is over a finite set of n-tuples (dy, ..., dn) in N™ where agq,,. 4, € R for
every such n-tuple.

Definition 12.5. Let R be a commutative ring and let A be a finite subset of N™. Let f(x1,...,%n)
be a polynomial in x1, ..., X, of the form

d d
f(x1/"'lxn) = Z ad],...,dn X]1 t 'Xnn'
(dy,edn) EA
Then, .
1 d
ad],...,dn X] T Xnn

is called a term of the polynomial f(x,...,xn) provided ay,,. 4, 7# 0. Moreover, d; is called the
degree of x! in the above term, and d := d; + ...+ d,, is called the degree of this term. We call the
n-tuple (dy, ..., dn) the multidegree of the term.

For brevity, we represent a polynomial in n variables, f(x1,...,Xn) as simply f.

Two polynomials are equal if and only if they have the same terms. The zero polynomial is defined
as the polynomial having no terms. Since any non-zero polynomial must have at least one term,
we can define the degree of such polynomials as follows.

Definition 12.6. Let f be a non-zero polynomial in x1,...,x,. The degree or total degree of f is
defined as

.....

As in the case of single variable polynomials, we define the degree of the zero polynomial as —oo.

Definition 12.7. Let f be a non-zero polynomial in x;, ..., x,. If every term of the polynomial has
the same degree d, then f is said to be a homogeneous polynomial of degree d.

Definition 12.8. A polynomial that has a single term with coefficient 1, of the form x? coexin s
called a monomial.

With this, we may think of a polynomial as a finite R-linear combination of monomials. That is, a
finite linear combination of monomials with coefficients in the commutative ring R.

Definition 12.9. Let f be a non-zero polynomial in x1, ..., X,. The sum of all monomial terms in f
of degree k is called the homogeneous component of degree k in f.
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If f is a nonzero polynomial having degree d, then we may write f uniquely as fo + ... fq where fy
is the homogeneous component of degree k in f, for 0 < k < d.

§§12.2. Polynomial Rings over Fields

We now consider the special case when the coefficient ring is itself a field, say IF. We define a norm
N on F[x] with N(p(x)) = degp(x) and N(0) = 0. Recall from Proposition 9.23 that the division
algorithm holds. We restate this proposition for sake of completeness.

Proposition 12.10 (Division Algorithm). Let [F be a field and let f(x), g(x) € F[x] with g(x) # 0.
Then, there are unique polynomials q(x), r(x) € F[x] such that

f(x) = g(x)q(x) +r(x)

with r(x) = 0 or degr(x) < deg g(x).

Notice that degr(x) = N(r(x)) and deg g(x) = N(g(x)). Thus, the above proposition states that
F[x] is a Euclidean domain. An immediate corollary is the following.

Corollary 12.11. If F is a field, then [F[x] is a principal ideal domain and a unique factorisation
domain.

Proof. This is immediate since every Euclidean domain is a principal ideal domain and every
principal ideal domain is a unique factorisation domain. O

Proposition 12.12 (Gauss’ Lemma). Let R be a unique factorisation domain and let [F be its field
of fractions. If p(x) € R[x] is reducible in FF[x], then p(x) is reducible in R[x]. More precisely, if
p(x) = A(x)B(x) for some non-constant polynomials A(x), B(x) € F[x], then there exist nonzero
elements 1, s € [F such that a(x) := rA(x) and b(x) := sB(x) both lie in R[x] and p(x) = a(x)b(x) is
a factorisation in R[x].

Proof. The coefficients of polynomials A(x), B(x) are elements of IF and hence quotients of ele-
ments in R. Multiplying throughout by a common denominator, we get dp(x) = a’(x)b’(x), where
a’(x),b’(x) € R[x], and d is a nonzero element of R. If d is a unit in R, then the proposition holds
with a(x) = d7'a’(x) and b(x) = b/(x). If not, we can write d as a product of irreducibles in R
(since R is a unique factorisation domain), say d = p7---pn. Since p; is irreducible and R is a
unique factorisation domain, p; is also prime by Proposition 11.32. Hence, the ideal (p;) is prime.
Now, by Proposition 12.2, piR[x] is a prime ideal of R[x] and (R/p;R)[x] is an integral domain.
Reducing the equation dp(x) = a(x)b(x) modulo p;, we obtain 0 = a’(x) b’(x), where the bar indi-
cates the images of these polynomials in the quotient ring. Since (R/p1R)[x] is an integral domain,
one of the factors, say a’(x) must be zero. This means that all coefficients of a’(x) are divisible
by p1, so that %a’ (x) € R[x]. Thus, from the equation dp(x) = a(x)b(x), we can cancel a factor
of p; from both sides while still having an equation in R[x]. Proceeding the same way with all
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remaining factors of d, we obtain p(x) = a(x)b(x) as a factorisation in R[x] with a(x), b(x) being
F-multiples of A(x), B(x) respectively. O

Corollary 12.13. Let R be a unique factorisation domain, let IF be its field of fractions, and let
p(x) € R[x]. If the greatest common divisor of coefficients of p(x) is 1, then p(x) is irreducible in
R[x] if and only if p(x) is irreducible in F[x]. In particular, if p(x) is a monic polynomial that is
irreducible in R[x], then p(x) is irreducible in FF[x].

Proof. By Gauss” Lemma (Proposition 12.12), if p(x) is reducible in F[x], then it is irreducible in
R[x]. Conversely, since the greatest common divisor of coefficients of p(x) is 1, we have that if p(x)
is reducible in R[x], then p(x) = a(x)b(x) where a(x), b(x) € R[x] are both non-constant. This same
factorisation also shows that p(x) is reducible in F[x], completing the proof. O

Theorem 12.14. R is a unique factorisation domain if and only if R[x] is a unique factorisation
domain.

Proof. If R[x] is a unique factorisation domain, then R is trivially a unique factorisation domain
(since the factorisation of any element of R in R[x] must be a factorisation in R itself, due to degree
considerations). Suppose conversely that R is a unique factorisation domain and let IF be its field
of fractions. Let p(x) be a nonzero polynomial in R[x]. Let d be the greatest common divisor of the
coefficients of p(x), so that p(x) = dp’(x) where the greatest common divisor of coefficients of p’(x)
is 1. Notice that d is unique up to units in R (which are also units in R[x]) and d can be factored into
irreducibles in R (which are also irreducibles in R[x]). It suffices to show that p’(x) can be uniquely
(up to units) factored into irreducibles in R[x]. We may hence assume that the greatest common
divisor of coefficients of p(x) is 1 and that p(x) is not a unit in R[x], that is, degp(x) > 0. By
Corollary 12.11, F[x] is a unique factorisation domain, and hence p(x) can be factored uniquely as a
finite product of irreducibles in F[x]. Using Gauss” Lemma (Proposition 12.12) and Corollary 12.13,
we can show that p(x) can be written as a finite product of irreducibles in R[x]. We leave the proof
of uniqueness as an exercise to the reader. It follows from the uniqueness of decomposition in
Flx]. O

§812.3. Irreducibility Criteria

Proposition 12.15. Let IF be a field and let p(x) € F[x]. Then p(x) has a factor of degree one if and
only if p(x) has a root in [, that is, there is an o € IF with p(a) = 0.

Proof. Since F is a field, if p(x) has a factor of degree one, we may assume it to be monic, i.e, of the
form (x — «) for some € FF. Then clearly p(«) = 0. Conversely, suppose that p(«) = 0 for some
o € FF. By the division algorithm in [F[x] (Proposition 9.23), we may write

p(x) =qx)(x—a) +r

where 1 is a constant (since degr < deg(x — «)). Since p(«) = 0, r must be zero, and hence p(x)
has (x — «) as a factor. O
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Proposition 12.16. A polynomial of degree two or three over a field F is reducible in [F[x] if and
only if it has a root in IF.

Proof. We leave this as an exercise. O

Proposition 12.17 (Rational Root Theorem). Let p(x) = anx™ + ...+ ag be a polynomial of degree
nin Z[x]. If ; € Q is in lowest terms (i.e, gcd(r,s) = 1), and { is a root of p(x), then r | ap and
s | an.

Proof. We have

n
T T
p<s> =an, (s) +oiida=0 = an™+ap 1™ 's+...+aps" =0

Thus, we have ant™ = s(—a,_1™ ' —...—ags™ ') so that s | a,r™. Since ged(r,s) =1, it follows
that s | an. The proof for r | ap follows along similar lines. O

Corollary 12.18. Let p(x) € Z[x] be monic. If p(d) # 0 for all integers d dividing the constant term
of p(x), then p(x) has no root in Q.

Proof. This follows trivially from Proposition 12.17. O

Proposition 12.19. Let I be a proper ideal'’ in the integral domain R. Let p(x) be a non-constant
monic polynomial in R[x]. If the image of p(x) in (R/I)[x] cannot be factored in (R/I)[x] into two
polynomials of smaller degree, then p(x) is irreducible in R[x].

Proof. Suppose that p(x) cannot be factored in (R/I)[x] but is reducible in R[x]. Then, there exist
non-constant polynomials a(x),b(x) € R[x] such that p(x) = a(x)b(x). Moreover, a(x),b(x) are
both monic since p(x) is monic. By Proposition 12.2, reducing the coefficients modulo I gives us a
non-constant factorisation in (R/1I)[x], which is a contradiction. O

Proposition 12.20 (Eisenstein-Schonemann Criterion). Let P be a prime ideal of the integral do-
main R. Let f(x) = x™ + ap_1x*' +...+ apbea polynomial in R[x] (n > 1). If a,—4,...,a0 € P
and ag ¢ P2, then f(x) is irreducible in R[x].

Proof. Suppose f(x) were reducible in R[x], say f(x) = a(x)b(x) where a(x),b(x) € R[x] are non-

constant polynomials. Reducing this equation modulo P, we obtain x™ = a(x) b(x) in (R/P)[x],
where the bar indicates polynomials whose coefficients are reduced modulo P. Since P is a prime

9That is, I is an ideal of R and I #R.
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ideal, R/P is an integral domain, it follows that the constant terms of both a(x) and b(x) are 0,
that is, the constant terms of both a(x) and b(x) are elements of P. However, this implies that the
constant term ag of f(x) is an element of P?, which is a contradiction. O

Proposition 12.20 is most frequently used in the case of Z[x], so we state this result explicitly as a
corollary.

Corollary 12.21 (Eisenstein-Schénemann Criterion for Integers). Let p be a prime in Z and let
f(x) = X"+ ap_1x™! +...+aobeapolynomial in Z[x], withn > 1. Ifp | a; foralli € {0,...,n—1}
but p? t ao, then f(x) is irreducible in both Z[x] and QIx].

Proof. Trivial. O
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§13. Algebraic Extensions

§§13.1. The Prime Subfield

Definition 13.1. A number field is a subfield of C.

Proposition 13.2. Any number field contains the field Q.

Proof. We leave this as a simple exercise to the reader. O

Definition 13.3. The characteristic of a field F is the smallest positive integer p such thatp -1 =0
if such a p exists, and is defined to be 0 otherwise. Here, p - 1 is defined as

p-li=1+---41.
——

p times

We denote the characteristic of IF as ch(IF).

Proposition 13.4. Let IF be a field. Then, the following are true.
1. ch(FF) is either O or a prime.
2. If ch(FF) = p,aprimeand if n-1 =0 for somen € 7%, thenp | n.
3. If ch(FF) = p, a prime, then for any « € F,
pra=o+---+a=0.

p times

4. If ch(FF) = p, a prime, then for any x,y € F,

(x+y)P =xP +yP.

Proof.
1. Observe that
m-1+n-1=(m+mn)-1and
(m-1)(n-1)=(mn)-1
for m,n € IN*. It follows that ch(FF) is either 0 or prime. Suppose that ch([F) is some
composite number n = ab (a,b € Nt and a,b < n). Wethenhaven-1=0 = (ab)-1=

0 — (a-1)(b-1) = 0. Since F is a field, it follows that one of a - 1 or b - 1 must be zero,
which is a contradiction since a,b < n.

20We define (—m) - 1:=—(n - 1) for positive n, and define 0- 1 := 0.
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2. This follows trivially from the first part itself, along with an elementary application of the
Division Algorithm.

3. This is trivial as well, sincep-ax =p - (1) = (p- 1)ax = 0.

4. This is again trivial and follows from the the third part. (Hint: Binomial Theorem)

O
Corollary 13.5. Let IF be a field of characteristic p > 0. Then, for any ay, ..., a, € F, we have
(a]+...+an)p :a?-i—....i_aﬂ.
Proof. Apply induction on part 4 of Proposition 13.4. O

Definition 13.6. Let IF be a field. The prime subfield of F is the subfield of [F generated by the
multiplicative identity, 1 € [F.

Proposition 13.7. Let IF be a field. If ch(IF) = 0, then the prime subfield of F is isomorphic to Q. If
ch(IF) = p for some prime p, then the prime subfield of IF is isomorphic to Z,, =: IF,,.

Proof. We have the natural ring homomorphism ¢: Z — FF defined by
em)=n-1.

Note that ker ¢ = (ch(IF)Z. Depending on the characteristic, quotienting by the kernel gives us
an injection of either Z or Z, into IF. Since [ is a field, the Universal Property tells us that IF
must either contain an isomorphic copy of Q, the field of fractions of Z (when ch(IF) = 0), or an
isomorphic copy of [F, := Z,, the field of fractions of Z,, (when ch(FF) = p). O

§§13.2. Extensions and Degrees

Definition 13.8. Let IF be a subfield of K. We say that K is an extension field of IF and we call IF
the base field. We denote this as IK/IF.

Remark 13.9. Note that K/F is not a quotient. In fact, since the only ideals of K are 0 and K,
quotienting does not make sense in the first place.

Definition 13.10. Let IK/IF be a field extension. We may regard K as a vector space over F. We
denote dimp K as [K: [F] and call it the degree of the field extension KK/IF.
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Definition 13.11. A field extension K/TF is said to be a finite extension if [K: [F] is finite.

Definition 13.12. A field extension IK/[F is said to be a simple extension if there exists « € K such
that K = F(«).

Definition 13.13. Let IK/IF be a field extension and let « € K. « is said to be algebraic over F if
there exists a non-zero polynomial f(x) € F[x] such that f(«) = 0.

o is called transcendental over [ if it is not algebraic over F.

If every element of K is algebraic over IF, then IK/F is called an algebraic extension.

Proposition 13.14. Let F C [E C K be fields and let « € K. If « is algebraic over F, then « is
algebraic over E.

Proof. We leave this as an exercise to the reader. ]

Corollary 13.15. Let F C E C K be fields. If IK/[F is algebraic, then so are K/IE and E/TF.

Proposition 13.16. Every finite extension is an algebraic extension.

Proof. Let IK/F be a finite extension and let n := dimp K. Let a € K be an arbitrary element.
We show that « is algebraic over F. Since the set {1, «,..., «™} has n + 1 elements, it is linearly
dependent over FF. Thus, there by, ..., b, € IFnot all 0 such that

bo+bja+---+bpa™ =0.

Thus, f(x) :=bg+bix + - - - + byx™ € F[x] is a non-zero polynomial satisfying f(«) = 0. O

Example 13.17.

1. Consider the extensions Q C R C C. It is known that © € IR is transcendental over Q. A
consequence of this is that . € C is also transcendental over Q. However, 7t is algebraic
over R since it satisfies the non-zero polynomial x* + 7> € R[x].

Thus, the property of being algebraic depends on the base field. In particular, we have
shown that C/Q is not an algebraic extension, whereas C/IR is, by Proposition 13.16, since
[C: R] =2.

2. Let K be a finite field and let IF be its prime subfield. Then, K is a finite dimensional vector
space over [ (since K is finite) and thus, K/ is an algebraic extension by Proposition 13.16.
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Proposition 13.18. Let IK/IF be a field extension and let o € K be algebraic over F. Then, the
following are true (with “irreducible” meaning “irreducible” over F[x]).

1. There exists a unique monic irreducible polynomial f(x) € F[x] such that f(x) = 0.
2. f(x) generates the kernel of the map FF[x] — Fla] C K defined by p(x) — p(x).
3. If g(x) € F[x] is such that g(«) = 0, then f(x) | g(x).

4. f(x) has the least positive degree among all polynomials in F[x] that are satisfied by «.

Proof. Define {: F[x] — K by p(x) — p(«). Since « is algebraic over F[x], I := ker1 is non-zero.
By Corollary 12.11, F[x] is a principal ideal domain, and hence I = (f(x)) for some f(x) € F[x].
Moreover, f(x) is non-zero since I is non-zero. By the Isomorphism Theorem for Rings, [F[x]/1I
is isomorphic to a subring of K, and hence is an integral domain. By Proposition 10.17, I is a
prime ideal, and hence f(x) is prime. By Proposition 11.30, f(x) is irreducible. Scaling by an
appropriate factor, we may assume that f(x) is monic. Clearly, any other g(x) that is satisfied by «
must be an element of I, and thus f(x) | g(x). In particular, if g(x) is irreducible and monic, then
f(x) | g(x) = g(x) = af(x) for some a € F*. Since g(x) is also monic, we have that a = 1,
giving us f(x) = g(x). Thus, such an f(x) is unique.

This proves the first three parts. The fourth part follows from the third via a simple application of
the Division Algorithm. O

Definition 13.19. Let K/ be a field extension, and let « € K be algebraic over IF. The unique
irreducible monic polynomial in FF[x] that is satisfied by « is called the minimal polynomial of «
over [F. We denote this as irr(«, IF).

The degree of irr(c, IF) is called the degree of x over [F and is denoted as deg «.

Example 13.20. Let « € C be a square root of t. Then, « satisfies f(x) := x* + 1. We may show that
f(x) = irr(e, Q), and hence deg¢D o = 4. However, o also satisfies x2 — t, so that irr(e, Q(1)) = x2 —1,

and degq,) o« = 2. Hence, the degree also depends on the base field.

Proposition 13.21. Let K/ be a field extension and « € K be algebraic over F. Let f(x) :=
irr(«, IF) and let n := deg f(x). Then,

1. Flad =F(x) = F[x]/ (f(x)).
2. dimp(F(«)) =nand {1, «,...,«™ '} is an F-basis of F(«x).

Proof. Consider the substitution homomorphism {: F[x] — [F[«] defined by p(x) — p(«). By
Proposition 13.18, keryp = (f(x)). By Corollary 12.11, F[x] is a principal ideal domain. Hence, f(x)
is a prime element by Proposition 11.30, and hence (f(x)) is a prime ideal. Since f(x) # 0, we get
that (f(x)) is also a maximal ideal, by Proposition 11.22. Moreover, 1 is clearly surjective so that
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im1{ = Fl«]. Hence, by the Isomorphism Theorem for Rings, IF[x]/(f(x)) = F[«]. Since (f(x)) is
maximal, IF[x]/ (f(x)) is a field by Proposition 10.17. Thus, F[a] = F(c).

Consider the set B = {1, «x,..., o™ '} Using f(x), we may write all higher powers of « as an FF-
linear combination of elements of B. Hence, B spans Fla]. Now, suppose ay, ..., an_1 € F satisfy

a+arx+ -+ anja™ " =0.

Then, g(x) := ag+ a1x+...+an_1x* ' € Flx]isa polynomial that is satisfied by o«. However since
deg g(x) < deg f(x), by Proposition 13.18, we get that g(x) = 0. This proves linear independence.
O

Corollary 13.22. Let K/IF be a field extension and let & € K be algebraic over F. Then, IF(«)/F is
a finite, and hence, algebraic extension.

Definition 13.23. Let F C [, E; be fields. A F-homomorphism from [E; to [E; is a field homo-
morphism ¢: E; — [E; that fixes IF.

If ¢ is an isomorphism, we call it an [F-isomorphism.

Proposition 13.24. Let K/ be a field extension and let «, 3 € K be algebraic over IF. Then, the
following two statements are equivalent.

1. There exists an F-isomorphism \: () — F() such that {(x) = 3.
2. irr(e, F) = irr(B, IF).

Proof. (1 = 2) Let{: F(a) — F(p) be as mentioned. Let f(x) := irr(«, F) and g(x) := irr(B, F).
Then,

o)) (since 1 is an F-isomorphism)

Thus, by Proposition 13.18, g(x) | f(x). Since both are irreducible and monic, g(x) = f(x).

(2 = 1) Let f(x) := irr(e, F) = irr(p,F). The isomorphisms F(«) = F[x]/(f(x)) = F(B) are
F-isomorphisms, and thus, so is their composition. O

Definition 13.25. A field extension KK/ is called a quadratic extension if [K: IF] = 2.

Remark 13.26. Every quadratic extension is simple. If K/IF is a quadratic extension and o« € K\ I,
then [[F(«): F] > 1, and thus [[F(«): F] = 2. Thus, F(x) = K and K/ is simple.
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Definition 13.27. A chain of fields [F; C ... C F, is called a tower of fields if IF; is a subfield of
Fi,g foralli=1,...,n—1.

Proposition 13.28 (Tower Law). Let F C E C K be a tower of fields. Then,
[K: F] = [K: E]-[E: [F].

In particular, the left side is oo iff the right side is.

Proof. 1f IK/F is a finite extension, then so are K/E (any finite basis for K/ is a spanning set for
K/E) and [E/F (E is an F-subspace of K). Thus, if either of IK/IE or [E/F is not a finite extension,
then neither is K/TF.

Now, suppose [K: [E] =: n and [E: [F] =: m are both finite. Let {«;}* ; C K be an [E-basis of K, and
let {Bj}j“;] C E be an [F-basis of [E. Now, put B := {oqﬁj 11<i<n,1<5< m}. We show that B
is an F-basis for K.

Let a € K be arbitrary. Then,
n
a = Z a; Xi
i=1

for a; € E. Foreachi=1,...,n, we may write

m
ai =) byp;
=1
for by; € IF. Now,

= Z Z bl] (xlﬁ)

i=1 j=1
is an [F-linear combination of elements of B. Hence, B spans K.

Now, suppose {b;; | 1 <i<n,1<j<m} C F satisfies

n m
ZZbU (Xl =

i=1 j=1
We may group the terms to get
n m
2|2 bue| B =0.
i=1 | j=1

Linear independence of { Bj}}‘;] forces Z;L bijo; = 0 for all i, Now, linear independence of {a; ]},
forces by; = 0 for all 1,j, which proves linear independence. It remains to show that|B| = nm,
which we leave as an exercise. O
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Corollary 13.29. Let K/[F be a finite extension and let « € K. Then, degy, o divides [K: IF].

Proof. This follows from the Tower Law by considering the tower F C [F(x) C K. Note that since
KK/ is a finite extension, « is algebraic over IF. O

Proposition 13.30. Let K/IF be a field extension and let oy, ..., an € K be algebraic over IF. Then,
F(x4,..., &) is a finite (and hence, algebraic) extension of IF.

Proof. We leave the details of the proof to the reader. The following tower might be helpful.

F CF(x1) CF(oy, 2) - CFloxq, ..., 0n) O

Corollary 13.31. Let E/FF and KK/E be algebraic extensions. Then, IK/[F is an algebraic extension.

Proof. Let « € Kand letirr(«,E) = ap+ajx+--- no X" T4+ x" =: f(x). LetL = F(ag, ..., an_1).
Then, IL/F is a finite extension since each a; € E is algebraic over F. Moreover, 0 # f(x) € L[x].
Thus, o is algebraic over IL and IL(«) /L is a finite extension. By the Tower Law, IL(«) /F is a finite
extension. Hence, « is algebraic over [F by Proposition 13.16. O

Corollary 13.32. Let IK/IF be a field extension. Then,
A = {o € K| « is algebraic over F}
is a subfield of K containing IF. Moreover, A /T is an algebraic extension.
Proof. It is clear that A contains [F. We now show that A is a subfield. Let «, 3 € A with 3 # 0.

Then, L := F(«, ) is a finite extension of [F. Thus, all elements of IL are algebraic over [F. In
particular, so are o £ 3, a3 and 3. O

§8§13.3. Compositum of Fields

Definition 13.33. Let E;,[E; C K be fields. The compositum of [E; and [E; is the smallest subfield
of K containing [E; and [E,. We denote this by [E;E;.

Example 13.34.
1. Suppose F C E;,E; C Kand E; = F(ay,..., ). Then,

E1E; =Ex(aq, ..., an).
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2. Let m and n be coprime positive integers. Consider the subfields [F := Q((n) and E := Q((y)
of C. Then,

EF = Q(Cmn)

It is clear that EF C Q((mn), since ¢n = (my, and (n = (,,- On the other hand, since
gcd(m,n) = 1, by Bézout’s Lemma, there exist integers a,b € Z such that am +bn = 1.
Thus,

a,b_ 1
n m mn
which gives us {mn = (2C% and thus Q(mn) C EF.

Proposition 13.35. Let IF be a field that is a subring of an integral domain R. If R is finite dimen-
sional as an [F vector space, then R is a field.

Proof. It suffices to show that every non-zero element in R has a multiplicative inverse in R. Let
a € R be arbitrary with a # 0. Since dimp R < oo, there is a smallest n > 1 such that the set
{1,q,...,a"} is linearly dependent. Then, let by, ..., b, € FF be not all zero such that

bo+bja+---+bra™ =0.

If b, = 0, then the minimality of n is contradicted. Hence, by, # 0. If by = 0, we may cancel a
(since R is an integral domain and a # 0) to again contradict the minimality of n. Thus, by # 0.
Now, we have

a(b; +---bpa™') = —by
which shows that :

——(by4---+bpa™ ) ER
bo

is a multiplicative inverse of a. O

Proposition 13.36. Let F C [E;,[E, C K be fields. Consider

n
L:=¢) apilneNoeE,picE

i=1
That is, IL is the set of all finite sums of products of elements of [E; and E,.

Suppose d := [Ej: F] - [E;: F] < co. Then, L = [EjE; and [L: [F] < d. If [E;: F] and [E;: FF] are
coprime, then equality holds.

Proof. We leave it as an exercise to the reader to show that IL is a subring of K. Thus, L is an
integral domain. Let n := [E;: F] and m := [E;: F]. If {«y,..., xn} and {B1,..., fm} are F-bases
for [E; and [E;, then the set {oq[ij [1<i<n,1<5< m} clearly spans IL over [F. Hence dimp IL <
mn = d. In particular, dimg LL is finite, so that IL is a field by Proposition 13.35.
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Lastly, note that [IE;: IF] divides [IL: [F] by the Tower Law. In particular, if gcd(m,n) = 1, then
mn | [IL: IF]. Since [L: F] < mn, we are done.

Diagrammatically, this is depicted as

Eq[E;

E;

N
/

/ B

§813.4. Splitting Fields

Definition 13.37. Let FF be a field and f(x) € [F[x] be a non-constant polynomial of degree n with
leading coefficient a € F*. A field K D F is called a splitting field of f(x) over [ if there exist (not
necessarily distinct) 11,..., 1, € Ksuch that f(x) = a(x—11)--- (x =) and K = F(ry,..., ™).

Example 13.38. Consider F = Q, f(x) = x* +1 € Q[x], and K = C. Although f(x) does factor
linearly over C as (x + t)(x —t), C is not a splitting field of f(x) over Q since C # Q(t, —t). On the
other hand, C is a splitting field of f(x) over R since C = R(t, —).

Corollary 13.39. Let f(x) € [F[x] be non-constant and let K be a splitting field of f(x) over [F. Then,
K/F is an algebraic extension.

Proof. This follows trivially from Proposition 13.30. O

Theorem 13.40. Let IF be a field and let f(x) € IF[x] be non-constant. Then, there exists a field
K D TF such that f(x) has a root in K.

Proof. Let g(x) be an irreducible factor of f(x). Since F[x] is a principal ideal domain (Corol-
lary 12.11), g(x) is also a prime element (Proposition 11.30), so that (g(x)) is a prime ideal. Since
g(x) is non-zero, (g(x)) is also a maximal ideal (Proposition 11.22). Now, put K = F[x]/(g(x)).
K is clearly a field by Proposition 10.17. K clearly contains FF as a subfield via the identification
a — @, where the bar indicates the image in the quotient. Moreover, X is a root of g(x) since
g(x) = g(x) = 0 in the quotient. O
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Theorem 13.41 (Existence of Splitting Field). Let F be a field. Any polynomial f(x) € F[x] of
positive degree has a splitting field.

Proof. Let n := degf(x). By Theorem 13.40, there exists a field IF; O FF such that f(x) has a root,
say aj, in IF;. Now,
fx) = (x—a1) - f1(x)

where deg f1(x) = n — 1. Continuing inductively, we get fields
Fno---2F 2OF

with a; € [F; such that
f(x) =alx—ar)--- (x—an).

Then, K =F(ay, ..., an) C [F, is a splitting field. O
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§14. Symmetric Polynomials

Definition 14.1. Let R be a ring and let S = R[xy,...,xn]. Let S, denote the symmetric group.
Then, any T € S, induces an automorphism g-: S — S, defined by

g (f(x1,...,xn)) =1 (XTU)I---/XT(n)) -

Example 14.2. Suppose n = 3 and T = (123). Then, the polynomial x; + x4 + x3 in Z([x] is mapped
tox; + X% = x*;’ via gr.

Definition 14.3. A polynomial f € R[xy,...,Xs] is said to be a symmetric polynomial (in n vari-
ables) if g(f) = fforall T € S,,.

Definition 14.4. Let S = R[x;, ..., xn] and consider f(T) € S[T] given by
f(T) = (T—x1) - (T —xn).

We may write f(T) as
f(M=T"—T" '+ -+ (=1)"0y,

for 0y,...,0, € S. Then, o7, ..., 0, are symmetric polynomials, called the elementary symmetric
Y polyn y sy
polynomials (in n variables).

Remark 14.5. Note that one can explicitly write down the elementary symmetric polynomials, as
follows.

n
01 = E Xq
i=1
0 = E Xi; Xi,
]§11<12§Tl

On = X1 *°* Xn.

It is now easy to verify that these are all indeed symmetric polynomials.

Definition 14.6. Given an elementary symmetric polynomial o; € Rlxy,...,x,] (for n > 2), we
define the elementary symmetric polynomial ¢¢ in (n — 1) variables as

oY == oi(xX1, .., Xn_1,0).
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Example 14.7. Consider n = 3 and 0, = x1x2 +X1x3 +X2X3. Then, 0'(2) = x1X2 is the second symmet-
ric polynomial in 2 variables. In fact, any elementary symmetric polynomial in (n — 1) variables
is of the form o? for the corresponding elementary symmetric polynomial o; in n variables.

Theorem 14.8 (Fundamental Theorem of Symmetric Polynomials). Let R be a commutative ring.
Then, every symmetric polynomial in S := R[xy,...,X,] is a polynomial in the elementary sym-
metric polynomials in a unique way. More precisely, if f(x1,...,%x,) € S is symmetric, then there
exists a unique g € R[uy,...,u,] such that

9(61/~--/Un) = f(X1/'~'1Xn)

where the above equality is in S.

Proof. Existence. We apply induction on n, the number of variables. The case n = 1 is clear since
every polynomial is symmetric and o7 = x;. Thus, we may choose g to have the same coefficients
as f.

Suppose the theorem is true for n — 1 variables. We now apply induction on deg f. If f is constant,
then again choosing g to have the same coefficients as f works. Suppose degf > 1. Now, we
define

.= f(X1,.+,%Xn=1,0) € RIx1,...,%Xn_1].

Then, f° is a symmetric polynomial in n — 1 variables. By the induction hypothesis on the number
of variables, there exists g € R[uy,...,u,_1] such that

fo(x1,...,xn,1) :9(6(1),...,0914).
Now, define f1(x1,...,%n) € Rlx1,...,xn] as
fi(x1, ..., xn) i=f(x1,...,xn) —glo71,..., On1).

Then, we have f1(x1,...,xn—-1,0) = 0. Thus, x, | f1. Since f; is symmetric, each x; divides f7, so
that oy, | f1. Thus, we can write

f] (X]/--'/Xﬂ) = 0On 'h(xll---lxn)

for some h € R[xy,...,xn]. Since oy, is not a zero-divisor in R[x,...,x,], we get that h is also a
symmetric polynomial and degh < deg f. Thus, h is a polynomial in o7, ..., o, and hence, so is f.

Uniqueness. For uniqueness, it suffices to show that the elementary symmetric polynomials are
algebraically independent. That is, the map ¢: R[zy,...,zn] — R[x1,...,xq] defined by

Zi — 0 and (p|R = ldR

is an injection. We use induction on n to prove this. The case n = 1 is clear since 07 = x;. Assume
now that n > 2, and that the result holds for n — 1. If ¢ is not an injection, then pick a nonzero
polynomial f(zy,...,z,) € ker ¢ of least degree. We may write f as a polynomial in z,, as follows.

f(Zh"-/Z‘n) = f0(21/"'/ZT171) +oe +fd(z1/'--lln71)z’n
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with fq # 0. Since d is minimal, and oy, is not a zero-divisor, we also get fy # 0. Since f € ker ¢,
we have
folo1,...,0n_1) -%—‘''-Ffd((ﬁ,...,0'“_1)0';1L =0.

The above equality is in R[x7, ..., xn]. Putting x, =0, we get
fo(O'(l),...,O'O )=0

n—1

which shows that the corresponding ¢ for n — 1 variables is not an injection, a contradiction. [

Definition 14.9. Let S = R[x1,...,xn]. For k > 1, we define

wk:x]f—k---—i-xli.

Theorem 14.10 (Newton’s Identities). With wy as defined above, we have

OnWik_n k > n.

oW1 — oWz + -+ (= 1D¥owy + (1) okt k<,
Wk = _ . | n+1
O1Wi—1 — 0oWg 2 + - - + (=1)

Proof. Let z be an indeterminate over S := R[x;, ..., xn]. Observe that
(1—x12) - (1 —=xpz) =T =012+ - - - + (—1)"onz" = 0(2).

Now, define w(z) € S[z] as

[e @]
w(z) = Z Wi z®
k=1

o0 n
_ k k
=3 (X )
k=1 i=1
n o0
=2 | 2 2
i=1 k=1
n
>
o . 1 —xiz'

i=1

Now, since 0(z) = (1 —x7z) - - - (1 —xn2z), we have

2INote that the last term is oy k and not oy, as one might have expected.
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where we have taken the formal derivative in S[z]. (We shall define this derivative more for-
mally later on in Definition 16.1, but for now, one may think of it as the “usual” derivative). On
rearranging, we get

zo'(z) Xz
B o(z) ; 1 —xiz =w(z)

which further gives us
w(z)o(z) = —z0'(z).

Moreover, one may compute ¢’(z) independently from the first equation. Using that expression,
we get
w(z)o(z) = o1z — 20222 4+ - - - + (—=1)"nonz".

Comparing the coefficients of z* on both sides gives us the desired result. O
Definition 14.11. Let [F be a field and let f(x) € F[x] be a non-constant monic polynomial. Let K
be a splitting field of f(x) over I, so that

fx) =(x—=m1)--- (x—7n)
forry,...,mn € K. Then, the discriminant of f(x) is defined as

disck (f(x)) := H (Ti—Tj)z.

1<i<j<n

Remark 14.12. Note that disck(f(x)) = 0 <= f(x) has repeated roots in K. Moreover, by
construction, disci (f(x)) has a square root in K, given by

H (Ti—T‘]’)E]K.

1<i<j<n

Proposition 14.13. Let FF be a field and let f(x) € [F[x] be non-constant and monic. Suppose K and
K’ are two splitting fields of f(x) over FF. Then,

disci (f(x)) = discg/ (f(x)) € F.

In other words, the discriminant takes value in F and is independent of the splitting field chosen.

Proof. Let r1,...,mn € K be such that f(x) = (x —71)---(x — ). Consider the Vandermonde



8§14 Symmetric Polynomials 117

matrix, ) ;
1 1 1
‘r] ‘rz P ‘rn
2 2 2
M=|T T2 ™
n—1 n—1 n—I1
_T1 ) T ]

Then, disck(f(x)) = (det(l\/l))2 = det(MMT). Let oy,...,0n € F[x1,...,%xn] be the elementary
symmetric polynomials and define

si := 0y(T1,...,Tn).

Now, note that

T (<T)sy

f(x) =x" —s;x™
and since f(x) € [F[x], s; € [F for all i. Also, define

vk::r]f—i----—i-rl‘1

for all k > 1. By Newton’s Identities, each vy can be written as a combination of s;’s, so that each
v € F. Moreover, we have

n ‘V1 P vnf‘l

'\)] '\)2 DY '\}n

MM = | V2 V3 - vap
Vn-1 Vn - V2n22

Thus, disck (f(x)) = det(MM ") € F.22 Note that since v can be calculated directly in terms of
si, the coefficients of f(x) itself, the discriminant does not depend on the choice of the splitting
field. O

In view of the above proof, we have the following alternate definition of the discriminant, that is
independent of the splitting field.

Definition 14.14. Let F be a field and let f(x) = x™ — o1x™ ' +-- - 4+ (=1)"o,, € F[x] be a monic
polynomial. With wy for k =1, ...,2n — 2 as defined in Newton's Identities, we have

n W-I P an‘l

W] Wz ... Wn

disc(f(x)) :=det | W2 W3 -+ Wnyij
Wn—1 Wn - Wi

22Note that the 1 in the matrix is defined as T+ - - - + 1(n times), where 1 is the identity in IF. We may also regard n
to represent the image of n € Z under the homomorphism that sends 1z to Tf.
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Remark 14.15. In the above definition, o; are not the elementary symmetric polynomials. They are
arbitrary elements of IF. We are defining wy recursively in terms of oi, using Newton’s Identities,
which is what motivates the use of the same notation.

Proposition 14.16 (Discriminant in terms of derivative). Suppose f(x) = [[i-; (x —11), then '(x) =

(DB T, ().

Proof. Observe that

Thus, we have
n
f(r) =[] (ri— )
=1
A
from which the result follows. O
Example 14.17 (Discriminant of a Quadratic).
Let x2+bx+c € Flx] be a quadratic. We have o7 = —b, 0, = c. Thus, Newton’s Identities give us
w1 = _b/
w, = b? — 2.
Thus, we have
disc(f(x)) = det | 2, 7% | =b?—4c
isc(f(x)) =det| . 5 .| = ,

which is the usual determinant of a quadratic.
We now (finally) prove the Fundamental Theorem of Algebra.

Lemma 14.18.
1. Every real polynomial of odd degree has a real root.

2. Every complex number has a square root. Thus, every complex quadratic polynomial has a
rootin C.

Proof. The first part follows trivially from the intermediate value property. For the second, for any
a+bte C,witha,b € R, we define ¢, d € R as follows.

1 1
c = \/2[a+ a?+b?and d:= \/2[—a—|— a? +b2.
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Then, we have (¢ + di)> = a + b O

Theorem 14.19 (Fundamental Theorem of Algebra). Every non-constant complex polynomial has
arootin C.

Proof. Let g(x) € C[x] be a non-constant complex polynomial. Then, f(x) := g(x)g(x) is a non-
constant real polynomial, where g(x) denotes the polynomial whose coefficients are complex con-
jugates of the coefficients of g(x). Note that if f(z) = 0 for some z € C, then g(z) = 0 or g(z) = 0.
If g(z) =0, then g(z) = 0, so that g(x) has a complex root in either case. Thus, it suffices to show
that every non-constant real polynomial has a complex root.

Given any f(x) € R[x], we can write deg f(x) = 2"q for unique n > 0, and odd q € IN. We prove
the statement by induction on n. In the case that n = 0, f(x) has odd degree, and hence has a real
(and consequently, a complex) root. Now, assume that n > 1 and that the statement is true for
n—1. Let d := degf(x) and let K := C(«y, ..., q) be a splitting field of f(x) over C, where «; are
the roots of f(x). For r € R, define

Yij (1) = o + o5 + T o
for 1 <1i < j < d. There are (d;r]) such pairs (i,j), so that the polynomial
he(x) = H (x —yy(1))
1<i<j<d
has degree

1 1
degh,(x) = Ty ~d(d+1)=2""Tq(d+1).
2 2 N
odd
Note that the coefficients of h,(x) are elementary symmetric polynomials in yij’s, and hence, are
symmetric polynomials in o, . .., xg. Thus, the coefficients of h.(x) are polynomials in coefficients
of f(x), so that h;(x) € R[x]. By the inductive hypothesis on n, h.(x) has a root z, € C C K. Thus,

Zy = Yi(r),j(r) (1) for some 1 < i(r) <j(r) < d.

Let P:= {(i,j) |1 <1 <j < d} and define ¢: R — P by r — (i(r),j(r)). Since P is finite and R is
not, ¢ is not injective. Thus, there exist ¢, d € R, with ¢ # d, such that
(i(c),j(c)) = (i(d),j(d)) == (a,b) € P.
Thus,
Ze = &g + 0p + Cqp and zq = ot + o + dotg Xp.
Although apriori we only know that &, &y € K, we now have

Zc_zd
eC
d—c

KaXp =

and consequently,
Xg + Xp = Z2c — Cxqp € C.
Thus, a0, and «g + o € C. However, these are the coefficients of the quadratic

X2 — (0tq + o )x + xqop € Clx],

of which &, and «y, are both roots. By Lemma 14.18, one of &, and o, must be in C. Since &4 and
oy are both roots of f(x), we are done. O
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§15. Algebraic Closure of a Field

Definition 15.1. A field K is called an algebraically closed field if every non-constant polynomial
f(x) € K[x] has a root in K.

Definition 15.2. Let K/ be a field extension. We say that K is an algebraic closure of F if K is
algebraically closed and K/[F is an algebraic extension.

We have the following simple proposition.

Proposition 15.3.

1. K is algebraically closed iff every non-constant polynomial in K[x] factors as a product of
linear factors.

2. Cis algebraically closed.
3. If Kis algebraically closed and IL /K is an algebraic extension, then IL = K.

Proposition 15.4. Let K/ be an extension where K is algebraically closed. Define,
A := {« € K| « is algebraic over F} .

Then, A is an algebraic closure of IF.

Proof. By Corollary 13.32, we already know that A /T is an algebraic extension. Hence, it remains
to show that A is algebraically closed. Let f(x) € Alx] be non-constant. Then, f(x) has a root
o € K since K is algebraically closed. Thus. « is algebraic over A, and hence over F, by Corol-
lary 13.31. Thus, « € A. O

Lemma 15.5. Let {IF;}i>1 be a sequence of fields with
FTCFC---

and let IF := (J;> IF;. Then, FF is a field with the following operations: Given a,b € F, there exist
smallest i,j € N such that a € IF; and b € F;. Then, a,b € [F;i,; and we define a + b and ab to be
the corresponding elements from IF; ;.

Moreover, each IF; is a subfield of IF.

Proof. We leave this as an exercise to the reader. Note that we have used “smallest” just to ensure
that the operations are well-defined. Of course, since [F; C F; (by which we always mean that IF;
is a subfield of IF;) for any i < j, we may pick any i and j. O
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Theorem 15.6 (Existence of Algebraically Closed Extension). Let IF be a field. Then, there exists
an algebraically closed field containing F.

Proof. (Artin). We first show that given any field F, we can construct a field IF; O F containing
roots of any non-constant polynomial in F[x]. Let S be a set of indeterminates which are in one-
to-one correspondence with the set of non-constant polynomials in F[x]. Let x € S denote the
indeterminate corresponding to f.

Consider the polynomial ring [F[S]. Let
I:=(f(x¢) | f € Flx],degf > 1)

be the ideal generated by the polynomials f(x¢) € S. We now show that 1 ¢ I, so that I is a proper
ideal of [F[S]. Suppose that T € I. Then,

1 =gif1(xg) + -+ gnfnlxs,)

for some gy, ..., gn € F[S]. Note that the polynomials g; involve only finitely many variables. Let
xi = xg, fori =1,...,nand let x,41,..., %y be the remaining variables in g1,..., gn. Then, we
have

n
Z gi (X1/ oo Xy Xn41,. ‘Ixm) fi(xi) - 1
i=1
Now, let E O T be an extension containing roots «; of f; (IE exists thanks to Theorem 13.40). Then,
putting x; = «; fori=1,...,nand xp41 = -+ - = xy = 0, we arrive at a contradiction.

Hence, I is a proper ideal of [F[S], and is thus contained in some maximal ideal m C [F[S]. Put
IF; := F[S]/m. Then, FF; is a field extension of [F. Moreover, X := x; + m € IF; is a root of
f(x) € Flx]. Thus, [F; is an extension of [F in which every non-constant polynomial of F[x] has a
root.

Repeating this procedure, we get a sequence of fields
F=F, CF CF,---

such that every non-constant polynomial in IF; has a root in ;..

Now, put K = ;> Fi. K is a field by Lemma 15.5 that has each IF; as a subfield. Now, if
f(x) € K[x], then f(x) € F[x] for some n. Thus, f(x) has a root in [F,, 1[x] C K, as desired. O

Corollary 15.7 (Existence of Algebraic Closure). Every field F has an algebraic closure.

Proof. By Theorem 15.6, there exists an algebraically closed field I. O F. Now, use Proposi-
tion 15.4. ]
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Proposition 15.8. Let o: F — IL be an embedding of fields and let IL be algebraically closed. Let
o € K D F be algebraic over F and let p(x) = irr(e«, F). Suppose p(x) = > a;x' and define
p°(x) := 3 o(a;)x". Then, T — T(x) is a bijection between the following sets

{r: F(a) = L | Tis an embedding and tl[p = 0} «+» {p € IL | p°(B) =0} .

Proof. First, we note that the map is indeed well-defined. Let T be an embedding that extends o.
Then,

t(p(a)) = p°(t(a)) = 0.

Thus, t(«) is indeed a root of p°.

Now, let 3 € IL be such that p°(p) = 0. Define 1g: F(x) — L by t3(f(«)) = f°(p) for f(x) € F[x].
We show that tg is well-defined. Suppose f(«x) = g(«). Then, (f — g)(x) = 0, so that p(x) |
f(x) — g(x) by Proposition 13.18. Hence, p°(x) | f°(x) — g°(x), giving us f°() = g°(B). Hence,
Tp is well-defined. Moreover, it is clearly a homomorphism that extends o. It is easﬂy seen that
B — Tp is a two-sided inverse of the map T +— Tq. O

Remark 15.9. The above proposition essentially says that the number of ways to extend from F to
F(«) is precisely the number of roots that p°(x) has in IL. In particular, this set is non-empty since
LL is algebraically closed.

Theorem 15.10. Let 0: IF — IL be an embedding where L is algebraically closed. If K/F is an
algebraic extension, then there exists an embedding 7: K — L that extends o.

Moreover, if K is an algebraic closure of IF, and L is an algebraic closure of o(FF), then T is an
isomorphism extending o.

Proof. Consider the set
T:={(E,1)|FCECKandt: E — L such that tlzg = 0}
Note that X is non-empty since (IF, o) € L. Define the relation < on X by
(E,7) < (E',7) & ECF and 7| =1

Then, (Z, <) is a partially ordered set. Moreover, if A = {(IEi, Ti)}i g isa chain in X, then E :=
Uier Ei is a subfield of K, and 1: E — L defined as t(x) := Ti(x) for x € E; is well-defined.
Furthermore, (IE, T) is an upper bound on A. By Zorn’s Lemma, there exists a maximal element
(E,1) € L. We show that E = K. If not, pick « € K\ E. By Proposition 15.8, we can extend t
to an embedding 7': E(«): IL, which contradicts the maximality of (E, t). Thus, t: K — L is the

desired embedding that extends o.

Suppose now that K is an algebraic closure of IF and LL of o(IF). We have

o(FF) € ©(K) € L.
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Thus, IL /t(K) is also algebraic. Since T(K) is algebraically closed, we get IL = t(K), which proves
that T is surjective, and hence an isomorphism. (Since 7 is an embedding, it is injective to begin
with). O

Corollary 15.11 (Isomorphism of Algebraic Closures). If K; and K; are two algebraic closures of
F, then they are [F-isomorphic.

Proof. Consider the inclusion map i: F — K;. Theorem 15.10 allows us to extend it to an IF-
isomorphism t: K; — K. O

Definition 15.12. Given a field [F, we use F to denote an algebraic closure of FF.

Theorem 15.13 (Isomorphism of Splitting Fields). Any two splitting fields [E and E’ of a non-
constant polynomial f(x) € F[x] over F are F-isomorphic.

Proof. Let E be an algebraic closure of E. Then, it is also one of IF. Thus, there exists an embedding
1: B’ — E that extends the inclusion i: F — E, by Theorem 15.10.

Let f(x) = a(x — 1) - - - (x — o ) be a factorisation of f(x) in [E'[x]. Then,

ff(x) = a(x —tler)) - - - (x = T(oxn)) € Ex].

We have E' = F(«y,...,aq) and so T(E’) = F(t(o),...,T(an)). Thus, T(E’) is a splitting field
of f* over F. But f* = f since 1 extends the inclusion map. Thus, T(EE’) = E since any algebraic
closure contains a unique splitting field. O
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§16. Separable Extensions

§8§16.1. Definitions

Definition 16.1. Let IF be a field. Define the F-linear map Dg: F[x] — F[x] by

Given any f(x) € F[x], we call Dg(f(x)) the (formal) derivative of f(x), and denote it by f'(x).

Remark 16.2. Note that the above definition requires no notion of limits. In the case that F = R or
C, it coincides with the usual derivative if we identify a polynomial by the function it represents.

We leave the proofs of the following two easy propositions as exercises.

Proposition 16.3. Let f(x), g(x) € F[x] and let a € FF be arbitrary. Then,
L (f£ag)(x) =f'(x) £ ag'(x),
2. (fg)'(x) = f'(x)g(x) + f(x)g'(x).

Proposition 16.4. Let F C E be a field extension. Then, Dg|r = Dg. Thus, the notation f'(x) is
unambiguous.

Definition 16.5. Let f(x) € F[x] be a non-constant monic polynomial and let [E be a splitting field
of f(x) over F. In E[x], factorise f(x) uniquely as

f(x) = (x=71)%" -+ - (x —7g)%,

where 1y, ...,14 € E are distinct and each e; € IN™.

The numbers ej, ..., e4 are called the multiplicities of the roots 1y, ..., 14. If e; = 1 for some i, then
1 is called a simple root and a repeated root otherwise.

If each root is a simple root, then f(x) is said to be a separable polynomial.

If f(x) is not monic, we have the same definitions upon division by the leading coefficient.

Remark 16.6. Note that as stated above, the separability of a polynomial depends on the split-
ting field chosen. However, in view of Remark 14.12, we see that separability depends only on
disc(f(x)), which we have seen to be independent of the splitting field chosen. (Proposition 14.13).
The following proposition shows something stronger.
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Proposition 16.7. The number of roots and their multiplicities are independent of the splitting
field chosen for f(x) over IF.

Proof. LetE and K be splitting fields of f(x) over IF. By Theorem 15.13, there exists an [F-isomorphism
T: E — K. In turn, we get an isomorphism ¢-: E[x] — K[x], defined by

Z aixt — Z T(a;)xt.

Now, let [ T?_; (x — ;)¢ be the unique factorisation of f(x) in E[x]. Then, the above isomorphism

shows that
g

f(x) = [ ] (x—t(re)®

i=1

is the unique factorisation of f(x) in K[x], from which the result follows. O

Proposition 16.8. Let f(x) € IF[x] be monic and letr € E D F be aroot of f(x). Then, r is a repeated
root iff f'(r) = 0.

Proof. (=) If r is a repeated root, then write f(x) = (x — 1)2g(x) for g(x) € E[x]. Then, taking the
derivative gives us
f'(x) = 2(x —1)g(x) + (x —1)*g'(x).

Thus, f'(v) = 0.
(&= ) Suppose f(x) = (x —1)g(x). Then,

0=f(r)=(r—r)g'(r) +g(r) = g(v).

Thus, (x — 1) | g(x) and hence, (x —1)? | f(x). O

Theorem 16.9 (Derivative Criterion for Separability). Let f(x) € F[x] be monic.
1. If f'(x) = 0, then every root of f(x) is a repeated root.

2. If f'(x) # 0, then f(x) has all roots simple iff ged(f(x), f'(x)) = 1.

Proof. Let E be a splitting field of f(x) over F.

1. Letr € E be a root of f(x). Then, f'(r) = 0 by hypothesis, and hence r is a repeated root by
Proposition 16.8.

2. Assume f'(x) # 0.

( = ) Suppose f(x) has all roots simple. We need to show that f(x) and f/(x) has no common
root. Let v be a root of f(x). Then, f'(r) # 0, by Proposition 16.8, and we are done.

( <= ) Suppose ged(f(x),f'(x)) = 1 and r € E is an arbitrary root of f(x). Then, '(r) # 0,
and r is a simple root by Proposition 16.8. ]
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Proposition 16.10. Let f(x) € F[x] be irreducible and non-constant.
1. f(x) is separable iff '(x) # 0.
2. If ch(IF) = 0, then f(x) is separable.

In other words, irreducible polynomials over fields of characteristic zero are separable.

Proof. Let E be a splitting field of f(x) over F.
1. (=) f(x) has no repeated roots, thus f’(x) # 0 by Derivative Criterion for Separability.

( < ) Suppose f'(x) # 0 and r E IE 1s a repeated root of f(x). Then, by Proposition 16.8,
f'(r) = 0. Thus, g(x) := ged(f(x) )) # 1. Irreducibility of f(x) forces f(x) = g(x), which
implies f(x) | '(x), a Contradlctlon since deg f'(x) < deg f(x).

2. In fields of characteristic zero, only the constant polynomials have derivative zero (since 1 -
a; # 0if a; # 0). Since f(x) is non-constant, f'(x) # 0, and thus the previous part applies. [

Definition 16.11. Let IF be a field of prime characteristic p. Define
FP:={a«P € F|x € F}

to be the set of all p powers of elements of FF.

Proposition 16.12. [FP is a subfield of FF.

Proof. Only closure under addition is not obvious. For this, recall that (x +y)P = xP +yP. (Propo-
sition 13.4). O

Proposition 16.13. Let F be a field with ch(IF) = p > 0. Then, f(x) := xP —a € F[x] is either
irreducible in F[x], or a € IFP. In other words, either f(x) is irreducible or it has a root.

Proof. Suppose f(x) is not irreducible. Write f(x) = g(x)h(x) with 1 < degg(x) =t m < p. Let
b € E be a root of f(x) in a splitting field E of f(x) over F. Then, b? = a. Thus, f(x) factorises in
[E[x] as

f(x) =xP —b? = (x —b)P.
Since E[x] is a unique factorisation domain (Corollary 12.11), we see that g(x) = (x —b)™ (we may
assume that g(x) is monic). Note that the coefficient of x™~! is mb. By assumption, mb € IF. Since
1 <m < p,weseethatb € F. Thus, a = bP € [FP. O

Proposition 16.14. Let f(x) € F[x] be an irreducible polynomial and let p := ch(IF) > 0. If f(x) is
not separable, then there exists g(x) € F[x] such that f(x) = g(xP).
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Proof. Since f(x) is irreducible and not separable, we must have f'(x) = 0. Write
f(x) =ag+ax+-- -+ ax"

and note that
f'(x) = a; +2ax + - - - +napx™ ' =0.

Thus, kay = 0 for k = 1,...,n. When p 1 k, we clearly have ay = 0, since we may cancel the k.
Thus, f(x) is of the form
f(x) = ap+ apxP 4 - + ampx™p.

for some m € IN". Thus, g(x) = ap + apx + - - - + ampx™ works. O

Definition 16.15. Let IK/IF be a field extension. An algebraic element « € K over I is called a
separable element over F if irr(«, IF) is separable over FF.

We say that K/ is a separable extension if every o € K is separable.

We say that [F is a perfect field if every algebraic extension of IF is separable. Equivalently, every
irreducible polynomial in [F[x] is separable.

Corollary 16.16. Every field of characteristic zero is perfect.
Proof. Proposition 16.10. O
Proposition 16.17. Let IF be a field with characteristic p > 0. Then, FF is perfect iff [F = IFP.

Proof. (= ) Suppose [ is perfect and suppose [F # [FP. Pick « € IF\ IFP. Consider the polynomial
f(x) = xP — « € F[x]. By Proposition 16.13, f(x) is irreducible. However, f'(x) = pxP~! = 0 (since
F has characteristic p). Thus, by Proposition 16.10, f(x) is not separable, which is a contradiction
since IF was assumed to be perfect.

( & ) Suppose F = FP and f(x) € FI[x] is irreducible and not separable. By Proposition 16.14, we

may write
m .
f(x) = Z a;x'P.
i=0

Let b; € IF be such that a; = b!. (Such a b; exists since F = IF?). Now, we have

P
f(x) = Z aix’? = Z bPx'P = Z bix' | (By Corollary 13.5)
i=0 i=0 =0
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which contradicts the irreducibility of f(x). Thus, FF is perfect. O
Corollary 16.18. Every finite field is perfect.

Proof. Let TF be a finite field of characteristic p > 0 (a finite cannot have characteristic zero since Z
is infinite). We show that IF = IFP.

Recall that the prime subfield of IF is the field IF, with p elements. Since IF is a vector space over
IF,, we have |F| = p" for some n € INT, where n = [[F: IF,| (Note that [IF: IF,] < oo since F is
finite). By Lagrange’s Theorem, oP" ~ =1 for all o« € IF* (consider the multiplicative group F* of
order p™ —1). Thus, o®" = « for all o € F (including 0).

Thus, given any arbitrary o € F, choosing § = o gives us « = B € IFP. The result follows
from Proposition 16.17. O

§§16.2. Extensions of Embeddings

Proposition 16.19. Let f(x) € FF[x] be an irreducible monic polynomial. Then, all roots of f(x) have
equal multiplicity (in any splitting field). If ch(IF) = 0, then all roots are simple. If ch(FF) =:p > 0,
then all roots have multiplicity p™ for some n € IN.

Proof. Let F D F be an algebraic closure of IF. Let o, 3 € IF be roots of f. We have an F-
isomorphism o: F(x) — F() determined by « — . Thus, o can be extended to an automor-
phism T of F. Suppose f(x) = (x — a)™h(x) where m is the multiplicity of « and h(x) € F[x]. Since
T fixes F, it also fixes f(x) € F[x]. Thus, applying T, we get

f(x) = f7(x) = (x = B)™h"(x).

Thus, the multiplicity of {3 is at least m. By symmetry, we have equality.
If ch(IF) = 0, then f(x) is separable by Proposition 16.10. Thus, all roots are simple.

Now, suppose ch(FF) =: p > 0. Let n € IN be the largest such that there exists a polynomial g(x) €
F[x] such that f(x) = g(xP" ). Note that if no such positive n exists, we can take g = f and n = 0.
Then, g is irreducible since f is so. Moreover, g must be separable. If not, by Proposition 16.14,
we must have g(x) = h(xP) for some h(x) € F[x]. But then, f(x) = h(xan ), contradicting the
maximality of n. Thus, g(x) factors as (x —17) - - - (x —14) in IF where each factor is distinct. Since
Fis algebraically closed, we can find sy, ..., sg, necessarily distinct, such that sfn =r; for all i. We
then have

n n

f(x) = g0 ) = (x—s1)P" -+ (x —5¢)"",

as desired. 0

Theorem 16.20. Let o: F — IL be an embedding of fields where L is an algebraic closure of o(IF).
Similarly, let T: F — 1L’ be an embedding of fields where IL’ is an algebraic closure of t(F). Let [E
be an algebraic extension of IF.
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Let Sy (resp. St) denote the set of extensions of o (resp. T) to embeddings of E into IL (resp. L').
LetA\: L — I’ be an isomorphism extending t o o ': o(F) — t(F).

The map {: S; — St given by (6) = A o ¢ is a bijection.

L' < A IL

TE oeSsS

£S5 | 2S5 GR)
7(F) +—— F —— o(F)

Proof. 1f ¢ € S, then for any x € [F, we have
(Ao &) (x) =A(o(x)) = (too ") (o(x)) = T(x).

Thus, 1V actually maps into S;. Since A is an isomorphism, 1 is easily seen to be a bijection.
Explicitly, the inverse of 1 is the map T+ A~ o T. O

Remark 16.21. The above proposition says that the “number” (cardinality) of extensions does not
depend on IL or on the embedding o. Since E is an arbitrary algebraic extension of F, the set S,
need not be finite.

Thus, we may assume IL O IF to be an algebraic closure of IF and o to be the inclusion map.

Definition 16.22. If [E/F is an algebraic extension, then the cardinality of S, (as in Theorem 16.20)
is called the separable degree of E/IF and is denoted as [E: IF];.

Proposition 16.23. Let « € [E O IF be algebraic over IF and n := deg (irr(oc,]F)). Then, [[F(a): Fls <
n = [[F(«): F] with equality iff « is separable over FF.

Proof. By Proposition 15.8, [IF(a): FFls is exactly the number of roots of p(x) := irr(«, F) in F. This
is at most n = deg p(x). Moreover, equality occurs implies that all roots are distinct, and thus « is
separable over F. O

Theorem 16.24 (Tower Law for separable degree). Let F C [E C K be a tower of finite algebraic
extensions. Then, [E: F]; < [E: [F], and

K: F], = [K: E] - [E: F;.
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Proof. We first show that the separable degree is multiplicative. Let n := [K: [E]; and m := [E: Fl;,
and let 0: IF — IL be an embedding into an algebraically closed field IL.

Let 01,...,0m: E — LL be extensions of 0. Then, each o; has extensions O'p), e, Gi(n): K — L.
Note that the set {ng): 1<i<m,1<5< n} has cardinality mn since all extensions obtained
are distinct. Clearly, any embedding t: K — L extending o is obtained this way. (tlg = oj for
some i, and thus, T = G?) for some j). Thus, [K: F]s = mn as desired.

Now, since E/T is finite, we can construct &, ..., g such that E = F(oy, ..., ®4). We have the
chain
F gIF((X]) QIF((X]/(XZ) g gIF(oqI"‘I(Xg)'

By Proposition 16.23, we have
[Flo, ..., &1 Flog, ..., 00)] < [Fla, ..., a1 Flog, ..., )]

foralli=0,...,g—1. Since both degrees are multiplicative, we are done. ]

Corollary 16.25. Let F C [E C K be a tower of finite algebraic extensions. Then, [K: [F] = [K: [F],
iff the equality holds at each stage.

Theorem 16.26. Let E/TF be a finite extension. Then, [E/F is separable iff [E: IF] = [E: FFl;.

Proof. Write E = F(«y,...,an) for oy € E. (Since E/F is finite, it is also algebraic by Proposi-
tion 13.16). Now, put
Fo:=Fand F; := F(«q,..., &),

fori=1,...,n.

( = ) Assume E/F is separable. Then, since each «; is separable over F, it follows that «; is
separable over [F; fori =1,...,n. (Note that irr(e, IF;) | irr(oy, IF)). Thus, we see that

[Fi: Fiq]s = [Fy: Fi_4]

foralli=1,...,n. Multiplying gives us [E: F]; = [E: [F].
(=) Let « € E be arbitrary. Consider the tower

F CF(x) CE.
Since [E: F]; = [E: F], we must also have [F(«): [F]; = [[F(x): ], by Corollary 16.25. Thus, « is
separable over IF by Proposition 16.23. O

Corollary 16.27. Let x € [E DO [ be separable over F. Then, IF(«)/[F is separable.

Proof. By Proposition 16.23, [IF(«): F]; = [IF(«): IF]. The result follows by Theorem 16.26. O
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Proposition 16.28. Let F C [E C K be a tower of fields. Then, K/ is separable iff K/E and [E/IF
are.

Proof. For both parts, note that if « € K is algebraic over F, then it is also algebraic over E.
Moreover, irr(, [E) | irr(«, F). (The divisibility is in E[x]).

(= ) Let « € K be arbitrary. Then, « is algebraic over F and thus, over E. Since irr(«, [F) has
no repeated roots, neither does its factor irr(e, [E). Thus, K/E is separable. Now, let 3 € [E be
arbitrary. Then, € K and thus, irr(«x, IF) is separable. Thus, E/F is separable.

( &) Let « € K be arbitrary. Note that « is algebraic over E since it is separable over [E. Let
irr(o, E) = aj + - - - + anx™ ' +x™ € E[x]. Put

Fo =F and F; = F(ay,...,q),
fori=1,...,n. By (=), we see that q; is separable over F;_; and hence,
[Fi: 1], = [Fi: Fi_4]
foralli =1,...,n. Finally, put F;1; = F(«). Then, the above equality also holds fori =n +1,
since « is separable over [F,,. (Note that by construction, irr(«, F,) = irr(«, [E), and the latter is

separable by assumption). Upon multiplying, we get [IF,1: F], = [[Fn11: [F], and thus F,,1/F is
separable. Since « € [F, 1, o is separable over FF, and thus IK/FF is separable. O

Corollary 16.29. Let f(x) € FF[x] be a separable polynomial and let E O T be a splitting field of
f(x) over IF. Then, E/F is separable.

Proof. Write [E = F(ry,..., 1) where f(x) = a(x —11) - - - (x — 1), and apply the previous proposi-
tion and corollary repeatedly. O

Proposition 16.30. Let E/F be a finite extension. Then, [E: F]; divides [E: [F]. If ch(F) =:p > 0,

then the quotient [DE Fl

W is a power of p.

Proof. 1f ch(IF) = 0, then F is a perfect field by Corollary 16.16. Since E/F is a finite extension,
it is also algebraic by Proposition 13.16. Thus. E/F is separable and the two degrees are equal.
Suppose now that ch(IF) =:p > 0.

First suppose that E = [F(«) for some o € E. Let p(x) = irr(a, [E) and let d := degp(x). By
Proposition 16.19, p(x) factors in [F[x] as

p(x) = (x— o) (x — )P - (x — org)P"

for some n € IN, where ay,..., g € F\ {«} are distinct. Note that gp™ = d. By Proposition 15.8,
[[F(x): F]s = g. Thus, the statement is true.

For a general finite extension [E/IF, write E = F(f31,...,x) and use the fact that degrees are
multiplicative. ]



§17 Finite Fields 132

§17. Finite Fields

§§17.1. Existence and Uniqueness

We let p denote an arbitrary prime number.

Theorem 17.1 (Uniqueness of finite fields). Let KK and IL be two finite fields with the same cardi-
nality. Then, K and IL are isomorphic.

Proof. Let q :=|K]| and p := ch(KK). Then, q = p™ for some n € N*. Note that K* is a (multiplica-
tive) group of order q — 1. By Lagrange’s Theorem, we have that a4~" = 1 for all a € K*. We thus
get that a9 —a = 0 for all a € K (including 0). Hence, K is a splitting field of x4 —x over IF;,, and
so is IL. By the Isomorphism of Splitting Fields, K and IL are isomorphic. ]

Definition 17.2. We shall denote the finite field with p™ elements as [Fyn.

Remark 17.3. Note that we have not yet shown that the finite field IF,» exists for all prime p, and
all n € N*. We have only shown that if such a field exists, then it is unique up to isomorphism.

Theorem 17.4 (Existence of finite fields). Fix a prime p and an algebraic closure F,. For every
n € N, there exists a unique subfield of F,, of size p", denoted by Fyn. Furthermore,

Fp = U IFpn.

neN+

Proof. Fixn € IN™ and let q := p". [F,, contains a unique splitting field of x4 —x =: f(x) over F,,.
We show that this splitting field has q elements. Consider

K={acF,|fla)=0}.

Then, | K| = q, since f(x) is separable by the Derivative Criterion for Separability. Thus, K is the
desired splitting field. Conversely, any field with q elements would be the set of roots of x9 —x,
hence we have uniqueness.

We now show that IF, = Uy> Fpx. Let o € FFy and let d := degy. (). Then, [Fp(e): Fp] = d and
hence, o« € F(«x) = Ide. O

Proposition 17.5. The polynomial f(x) := x* + 1 is irreducible in Z[x] but it is reducible in F, for
every prime p.
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Proof. For irreducibility in Z[x], note that
fix+1) =x"+43 +6x7 +4x+2
is irreducible by applying the Eisenstein-Schonemann Criterion at the prime 2.

Now, let p be a prime. If p = 2, then x*+1 = (x+1)* Letp > 2 be an odd prime. Then,
p? =1 (mod 8). We then have

2 2
X111 P =

Now, suppose x* + 1 is irreducible and let & € ED be a root. Then, [IF,(o): IF,] = deg(x*+1) = 4.
But, « is clearly contained in the splitting field of xP* —x over Fp, which is F,» C F, and so, is
contained in a degree 2 extension, a contradiction. O

§817.2. Gauss’ Necklace Formula

We recall (without proof) the Mobius inversion formula.

Definition 17.6. The Mobius function p: N™ — INT is defined as

1 n=1,
um) == < (=1)" nisa product of r distinct primes, and
0 p? | n for some prime p.

Theorem 17.7 (Mébius inversion formula). Let f,g: NT — IN™ be functions satisfying

fln) =) g(d).

dn

Then, they also satisfy

For the remainder, p denotes an odd prime and q denotes a positive integral power of p.

Lemma 17.8. If m | n, then x9" —x | x9" —x in Fqlx].

Proof. Fix an algebraic closure [Fq. Since f(x) := x4" — x is separable, by the Derivative Criterion
for Separability, it suffices to show that every root of f(x) is also a root of x9" —x == g(x). Let
be a root of f(x). We have

" = .
Raising both sides to the power q™, we obtain
2m m
al =al =«
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Continuing repeatedly, we see that

oM =

forall k € N, and for k = n/m in particular. This gives us g(«) = 0, as desired. O
Lemma 17.9. Let f(x) € IF4[x] be a monic irreducible polynomial. Then, f(x) | x4" — x iff deg f | n.

Proof. ( = ) Suppose f(x) | x9" —x. Then, Fgqn contains all roots of f(x). Let « € F¢n be a root
of f(x). Considering the tower [F; C Fq(x) € Fgn, shows that deg f(x) = [Fq(ot): [Fq] divides
[Fqn: Fql =n.

(=) Let d := deg f(x) and suppose d | n. Fix an algebraic closure Fq of . Let « € Fq be a root
of f(x). Then, [F(«): [F] = d and thus, by Theorem 17.4, we have that

Flo) =Fga = {B" —p=0|p € Fy}.

Thus, every root of f(x) satisfies x9Y —x. Since this divides x9" — x by Lemma 17.8, we are done.
O]

Remark 17.10. Lemma 17.9 essentially shows that the monic factorisation of x4" — x in [F4[x] con-
sists of every (monic) irreducible polynomial of degree d where d runs over all the divisors of n.
Moreover, no factor can be repeated since x4" — x is separable.

Theorem 17.11 (Gauss’ Necklace Formula). The number of irreducible polynomials of degree n
over [ is given by

1
Ng(m):=— 3 u(d)q"/*.
dn

Proof. By Lemma 17.9, we note that

n d d
x4 —x:Hfg)(x)---f%‘j(d)(x),
dn

where fgd) (x),..., f](\jij( q)(x) are all the monic irreducible polynomials of degree d. Equating the

degree on both sides gives us

q" =) dNg(d).

dn

Defining f(n) := q™ and g(n) := nNg(n) allows us to use the Mobius inversion formula to obtain
the result. O

§§17.3. Primitive Element Theorem
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Definition 17.12. Let IE/F be a field extension. An element « € E is called a primitive element
for E over Fif [E = F(«).

We say that [E is primitive over F if there exists a primitive element for E over FF.

Theorem 17.13 (Primitive Element Theorem). Let IK/TF be a finite extension.

1. There is a primitive element for IK/IF iff the number of intermediate subfields [E such that
[F C E C K is finite.

2. If K/F is separable, then K/ is primitive.

Proof. Omitted due to time constraints. O
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§18. Normal Extensions

Definition 18.1. An algebraic extension E/F is called a normal extension if whenever f(x) € FF[x]
is irreducible and has a root in E, then f(x) splits into linear factors in [E[x].

Definition 18.2. Let E/TF be an extension and let F = {fi(x) },_; be a (possibly infinite) family of
non-constant polynomials in [F[x]. Then, E is said to be a splitting field for the family F over F
if each fi(x) € F splits as a product of linear factors in [E[x] and is generated by the roots of the
polynomials.

Remark 18.3. A splitting field for any family always exists since an algebraic closure exists. So,
we consider A C T to be the set of roots of all polynomials in the family, and put E := F(A) C F.

Proposition 18.4. Let [F be a field and let 7 C [F[x] be a family of separable polynomials. Then,
[E/T is separable where IE C F is the splitting field of F over F.

Proof. Let a € E = F(A) where A is as in Remark 18.3. By Corollary 9.55, there is a finite set
{ar,...,an} € A such that a € F(ay,...,an). Since each a; is a root of a separable polynomial,
it is separable. Applying Corollary 16.27 repeatedly, we see that IF(ay,...,a,)/[F is a separable
extension, hence a is separable over F. O

Lemma 18.5. Let [E/F be an algebraic extension. Let o: E — [E be an F-embedding. Then, ¢ is an
automorphism of E.

Proof. We only need to prove that o is onto. Let o € E be arbitrary. Put p(x) := irr(«, F). Let
K C E be the subfield of [E generated by the roots of p(x) in [E. Then, K is a finite dimensional
vector space over [F and « € K. Since ¢ is an F-embedding, it maps roots of p(x) to roots of p(x).
Thus, 0(K) C K. Since o is an F-linear map and K is a finite dimensional vector space over [F, ok
is onto and contains « in its image. Since « € [E was arbitrary, we are done. ]

Theorem 18.6. Let IF be a field and fix an algebraic closure F of F. Let F C E C F be fields. Then,
the following are equivalent.

1. Every F-embedding o: [E — T is an automorphism of E.
2. Eis a splitting field of a family of polynomials in [F[x].

3. E/F is a normal extension.

Proof. (1 = 2)Leta € E and pq(x) = irr(a,FF). If b € F is a root of pa(x), then there exists an
F-isomorphism F(a)tolF with a — b. Extend this to a map o: E — F. By hypothesis, we have
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E = o(IE) 5 b. Thus, E is a splitting field of the family {pq(x)}

acE"

(2 = 3) Let E be a splitting field of the family {pi(x)}ieI C F[x] over F. Let f(x) € [F[x] be
an irreducible having a root a € E. Let b € F be any root of f(x). There exists an F-embedding
F(a) — F with a — b. Extend this to an F-embedding o: E — TF. Since o fixes F, it maps roots
of pi(x) to its roots for all i € 1. Since E is generated by these roots, we see that o(E) C E and
hence b € E. Thus, all roots of f(x) lie in [E, and hence, f(x) splits linearly over E. Since f(x) was
an arbitrary irreducible polynomial, we are done.

(3 = 1)Leto: E — Fbe an F-embedding. Let a € E. Then, p(x) := irr(q, IF) splits linearly over
E. Since o fixes IF, o(a) is a root of p(x), and thus o(a) € E. Thus, ¢(E) C E. By Lemma 18.5, we
get that o is an automorphism of [E. (Note that [E/T is indeed algebraic since E C F.) O

Proposition 18.7. Let F C E;,E; C K be fields. Suppose that E;/FF are normal. Then, so are
]E]IEz/IF and (]E] N IEz)/]F

Proof. Fix an algebraic closure F D K. Let 0: Ej[E; — F be an F-embedding. Then, o(E;E;) =
o(E1)o(E;) = [E{E;. Since this is true for any [F-embedding, [E{IE, /I is normal by Theorem 18.6.
Similar calculations also hold for the intersection. O

Example 18.8. Quadratic extensions are always normal. Pick « € E\F, then E = F(«) is a
splitting field of irr(«, IF) over FF.

Remark 18.9. Unlike the “tower laws” for algebraic and separable extensions, the “composition”
of normal extensions need not be normal. For example, consider the chain

Q C Q(V2) C Q(V2).

Each successive extension is quadratic and hence normal. However, Q(+v/2)/Q is not normal
since the irreducible (via Eisenstein-Schénemann Criterion) polynomial x* —2 € QI[x] has a root
in Q(v/2) but does not factor completely. However, one part of the “tower law” does hold, as can
be easily verified.

Proposition 18.10. Let F C [E C K be fields. If K/ is normal, then so is K/E.
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§19. Galois Extensions

§§19.1. Introduction

Definition 19.1. A field extension [E/F is called a Galois extension if it is normal and separable.
The Galois group of a Galois extension E/F is the group of all F-automorphisms of E under
composition. It is denoted as Gal(E/F).

If f(x) € F[x] is a separable polynomial and E is a splitting field of f(x) over F, then E/F is a
Galois extension and the Galois group of f(x) over F is defined to be Gal(E/F) and is denoted as
Gal(f(x), F) or simply Gy if FF is clear from context.

Remark 19.2. The definition of Gal(f(x), [F) does not depend on the splitting field chosen, up to
isomorphism. Let [E and E’ be two splitting fields of f(x) over F. By the Isomorphism of Splitting
Fields, there is an F-isomorphism t: E — E’. Then, 0 — Too0o0 v 'is an isomorphism from
Gal(E/F) to Gal(EE’/TF).

Example 19.3.

1. Let E/F be an extension of finite fields. Then, |F| = q and |[E| = q" for some prime power ¢
and somen € NT'. Then, E is a splitting field for x9" —x € F[x] over F. Thus, the extension
is normal. Since the fields are finite, it is also separable. Thus, E/F is Galois.

2. The extension Q(+v/2)/Q is not Galois. Since ch(Q) = 0, it is separable by Corollary 16.16.
However, it is not normal since the irreducible (via Eisenstein-Schéonemann Criterion) poly-
nomial x> — 2 € Q[x] has a root in Q(+/2) but does not split as a product of linear factors.

Proposition 19.4. Let [E/TF be a finite Galois extension. Then, |Gal(EE/F)| = [E: F]; = [E: [F].

Proof. Fix an algebraic closure F O E. Letn : [E: Fl,. Let 0y,...,0n: E — FF be F-embeddings.
Since E/F is normal, 0; € Gal(EE/F). Thus,|Gal([E/F)| > n. On the other hand, if o € Gal(E/[F),
then o is an F-embedding of E into F when composed with the inclusion. Thus, Gal(E/F)
{o1,...,0n}. The last equality follows by Theorem 16.26.

Ol

Remark 19.5. The above proposition shows why both normality and separability are needed. If
the extension is normal but not separable, then the order of the group would be the separable
degree, which would not be equal to the degree by Theorem 16.26 again.

On the other hand, if the extension was separable but not normal, then there would be an extension
o: E — IF that would map E outside E and so, not all extensions will belong to the Galois group.

For example, consider Q( v/2)/Q. Since there is only one root of x> —2 € Q[x] in Q(+v/2), there is
only one Q-automorphism of Q(+/2).
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Proposition 19.6. Let q be a prime power. The Galois group of the Galois extension Fyn /IF is
the cyclic group of order n generated by the Frobenius automorphism ¢: Fqn — Fgn defined by
a+— ad.

Proof. @ is an [Fg-automorphism since any a € [Fq satisfies x4 —x. Thus, ¢ € Gal(IFqn/IFq). By
Proposition 19.4, we have ‘Gal(IFqn /Fq) ‘ = n. Thus, it suffices to show that ¢ has order at least n.
Let the order of ¢ be d. Then, d < n. Note that

Ml

@%a) = ad’.

If ¢ = id]Fqn, then every a € F¢n satisfies x94 —x. Thus, q¢ > q" and thus d > n. Hence,
d=n. L]

Example 19.7. An extension K/ is called biquadratic if [K: F] = 4 and K is generated over [F
by roots of two irreducible separable quadratic polynomials. In particular, K/ is Galois. Write
K = F(e, ) and let p(x) := irr(o, F) and q(x) := irr(B,F). Let &, B € K denote the other root of
p(x) and q(x) respectively. By separability, o # x and  # .

Since []F(oc, B): IF] =4, p(x) is irreducible over IF(f3) and q(x) over [F(«). The four automorphisms
are thus determined by sending « to o« or @ and 3 to 3 or f3.

Define the automorphisms 7, 0: K — K by

T(a) =, T
=T B

Then, 2 = 02 = idk. Thus, Gal(K/F) = Z, x Z,, the Klein-four group, Vj.

Example 19.8 (Galois group of a separable cubic). Let [F be a field with ch(F) # 2,3. Let f(x) =
x? + px + q € F[x] be an irreducible cubic. In particular, f(x) has no roots in F[x]. Note that

f'(x) =3x*+p #£0

since ch(IF) # 3. Thus, f(x) is separable by Proposition 16.10. Thus, a splitting field [E of f(x) over
F must have degree either 3 or 6. Thus, by Proposition 19.4, |Gal(E/F)| = 3 or 6. We now show
how the discriminant determines this.

Let E = F(oy, &y, oi3), where f(x) = Hf:] (x — o). Any o € Gal(E/F) permutes these roots. Let
Po € S3 denote the corresponding permutation. Then, o — p, is injective. Under this, we identify

Gal(EE/F) with a subgroup of S;. Thus, Gal(E/IF) = A3 or S3.

Let
O = (o1 — o) (o — a3) (X3 — 7).
Then, §* = disc(f(x)) = —(4p> + 7q?) € . Thus, [F(8): F] < 2. Now, if € F, then Gal(E/F)

cannot have any odd permutations since they do not fix §, and thus Gal([E/IF) = A3. On the other
hand, if 5 ¢ IF, then 2 = [IF(5): IF] | [E: IF], and thus Gal(EE/F) = S;.
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Note that 6 € F = disc(f(x)) is a perfect square in IF, so the above is completely determined by
the discriminant being a perfect square. For example, if f(x) = x3 +x+1 € Q[x], then disc(f(x)) =
—31 and Gal(E/Q) = S;. On the other hand, if f(x) = x> + 3x + 1, then disc(f(x)) = 81 = 92, and
thus, Gal(E/Q) = A;.

§§19.2. The Fundamental Theorem of Galois Theory

Definition 19.9. Let [E be a field and let G be a group of automorphisms of E. Then,
E€:={a€E|o(a)=aforalce G}

is called the fixed field of G acting on [E.

Theorem 19.10 (Fundamental Theorem of Galois Theory (FTGT)). Let K/ be a finite Galois ex-
tension. Consider the sets

I = {]E | E is an intermediate field of IK/]F} and G = {H |H < Gal(]K/]F)}.
1. The maps
E — Gal(K/E) and H — K"

gives a one-to-one correspondence between 7 and G, called the Galois correspondence.
Moreover, this correspondence is inclusion reversing.

2. E/F is Galois iff Gal(K/E) < Gal(IK/IF), and in this case

Gal(K/F
Gal(E/F) = (M.

3. K/E is always Galois and |Gal(K/E)| = [K: E] = [[]E]IE]]

4. If Ey,[E; € Z correspond to Hy,Hy € G, then [E; N E; corresponds to (H;, H;) and E{E;
corresponds to Hy N H,.

Proof. Omitted due to time constraints. ]
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